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INTRODUCTION

The first documented work on Kronecker products was written by Johann Georg Zehfuss between 1858 and 1868. He established
the determinant result |[A ® B| = |A|?|B|%, where A and B are square matrices of dimension a and b, respectively.

Zehfuss was acknowledged by Muir (1881) and his followers, who called the determinant |A ® B| the Zehfuss determinant of 4 and
B. In 1880’s Kronecker gave a series of lectures in Berlin, where he introduced the result to his students [5]. In 1890’s Harwitz and
stephanos developed the determinant equality and other results involving Kronecker products.

The Kronecker product has a rich and very pleasing algebra that supports a wide range of fast, elegant and practical algorithms.
Several trends in scientific computing suggest that this important matrix operation will have an increasingly greater role to play in
the future [9].

The algebra of the Kronecker products of matrices is recapitulated using a notation that reveals the tensor structures of the matrices
[7]. The generalized matrix product allows a wide family of unitary matrices to be developed from a single recursion formula [6].
Anna Lee has initiated the study of secondary symmetric matrices. Also she has shown that for a complex matrix A, the usual

transpose ATand secondary transpose AS are related as A5 = VATV, where ‘V” is the permutation matrix with units in its secondary
diagonal.

Notations: Let C,., be the space of nxn complex matrices of order n. For A € C,,,. Let AT,A , A*, AS denote transpose,
conjugate, conjugate transpose, secondary transpose of a matrix A respectively. Also the permutation matrix Vsatisfies V7 =V =
V*=Vandv? =1

A matrix A € C,, is called unitary if AA* = A*A =1 [8]

A matrix A € C,, is called normal if A4A* = A*A [3]

A matrix A € C,, is called conjugate normal if AA* = A*A [1]
A matrix A € C, ., is called is called conjugate unitary if AA* = A*A =1 [2]
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Matrices A, B € C, x, then A ®B is called Kronecker product of matrix [4]
Kronecker Product of Conjugate Unitary Matrices

Definition: Given two matrices A ,B € C, x , then the Kronecker Product
(tensor product or direct product ) is defined as the matrix

aB .. a;,B

AQ®B = €ECpxn

anlB annB
Theorem: If A, B € C, « , are conjugate unitary matrices then the Kronecker product
A ®B is conjugate unitary matrix.

Proof: Let A, B € C,, » , are conjugate unitary matrices.
= AA*=A"A=1 and BB*=B*B=1

Case (i) (A ®B)(A ®B)" = (A ®B)(A"®B")
=(AA)®(BB")
=IQI(+ AA"=A"A=1and BB*=B'B =1)
=1

Case (i) (A ®B)"(A ®B) = (A*®B*)(4 ®B)
o = (4AHR®B'B)
=1Q®I (~ AA*=A"A=1 and BB*=B"B =1)

= (=T =0
I

Therefore, in both cases, we have (4 ®B)(A ®B)* = (A®B)*(AQ®B) =1
= (A ®B) is conjugate unitary matrix.
Theorem: If A€ C,,«,, isa conjugate unitary matrices and I,, be identity matrix then
1,®A =diag[4, 4, 4, - A]
Proof: Let A€ C,,«,, be a conjugate unitary matrix and I,, be the identity matrix then
1 - 0
L®A=|: -~ :|®A
o - 1
1.4 - 0A

0.4 - 1A

o

=diag[A,'A,A, -+ A]

(by using kronecker product)

Theorem: If A ,B € C, « , are conjugate unitary matrices then the Kronecker product
(A* ®B*) is conjugate unitary matrix.

Proof: Let A, B € C, « , are conjugate unitary matrices.
= AA*=A"A=1 and BB*=B*B=1
Case (i) (4" ®B*)(A" ®B*)" = (A" ®B")((4")*®(B*)")
=(A"®B") (A®B) (~(4")"=Aand(B")" =B)
= (4"A)®(B*B)
=IQI (~AA*=A*A=1 and BB*=B*B=1)
=1

Case (ii) (A*®B*)* (4" ®B*) = ((4*)*'Q(B*)")(4* ®B")
= (A®B)(A*®B*) (+(A) =Aand(B")" =B)

=(A4)Q(BB*)

=I® (~AA*=A"A=1 and BB*=B*B=1)
=T (1 =1

=1
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Therefore, in both cases, we have (4* ® B*)(4* ® B*)* = (A*®B*)*(4* ®B*) =1
= (A* ®B*) is conjugate unitary matrix.

Theorem: If A,B,C,D € C, «,, are conjugate unitary matrices, then the

Kronecker product ((A ®B)(C ®D)) is conjugate unitary matrix.

Proof: Let 4, B,C, D € C,,, , are conjugate unitary matrices.
= AA*=A"A=1,BB*=B*B=1 ,CC*=C*C=1and DD*=DD=1

Case (i) ((4 ®B)(C ®D))((4 ®B)(C ®D))" = ((4 ®B)(C ®D))((C ®D)*(4 ®B)")
= ((A®B)(c ®D))((c* ®D")(4" ®B"))
= ((40)®(BD))((C*A)®(D*B"))
= ((A¢)(c*47))®((BD)(D*B"))
= (A(CC*)A")®(B(DD*)B*)
= (A4")®(BB") (~ CC*=C°C=1&DD*=D*D =1)
=IQI (wAA*=A*A=1&BB*=B*B=1)
=1

Case (ii) ((4 ®B)(C ®D)) ((4 ®B)(C ®D)) = ((C ®D)*(A ®B)*)((A ®B)(C ®D))
= ((c* ®D*)(4* ®B"))((A ®B)(C ®D))
= ((c*A)®((D*B))((A C)®(BD))
= ((c*4)(4 ©))®((D*B*)(BD))
(C*(4*A)C)®(D*(B*B)D)
(Cc*C)®(D*D) (v AA* =AA=18&BB*=B*B=1)
IQ I (~CC*=CC=1&DD*=D*D=1)
=1
Therefore, in both cases, we have ((4 ®B)(C ®D))((4 ®B)(C ®D)) = ((A ®B)(C ®D)) ((A ®B)(C ®D)) =1
= ((A ®B)(C ®D)) is conjugate unitary matrix.

Theorem: If A, B € C, »,, are conjugate unitary matrices, then the Kronecker product (45®B?) is conjugate unitary matrix.
Proof: Let 4, B € C,, x ,, are conjugate unitary matrices.
= AA*=A*"A=1and BB*=B*B=1

Case (i) (4°®B%)((4°®B*))" = (4°®B%)((4°)* ®(B*)")
= (4°®B°)((4")°®(B")°)
= (4°(4")°®B°(B")*)
((A"A)°’®(B'B)*)
(I°QI5) (+~AA*=A*A=1 and BB*=B*B=1
Ier) (=1
=1

N

Case (i) ((4°®B*)) (4®B*)

((45)*®(B*)*)(A°®B*)

((4*)*®(B*)*)(A°®B*)

= ((4")sAs®(B*)B%)

((447)s®(BB*)*)

(IS®I5) (vAA*=AA=1and BB*=B'B=1)
I®I) (~I°=1)

~|

T T T
)

I (~T =1

Therefore, in both cases, we have (A°®B*)((4°®B°))" = ((4°®B*)) (4S®B%) =1
= (AS®B") is conjugate unitary matrix.

Theorem: If A,B € C,, «,, are conjugate unitary matrices and V is a permutation matrix then the Kronecker product (VA ®VB) is
conjugate unitary matrix.

Proof: Let A, B € C,, » , are conjugate unitary matrices.
= AA*=A"A=1 and BB*=B*B=1

Case (i) (VA ®VB)((VA®VB)) = (VA ®VB)((VA)*®(VB)*)
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= (VA QVB)(A'V'®B*V")

= (VAQVB)(A'VRB'V) (=V*'=V)

= ((vA)(4*V)) ®((VB)(B*V))

= (V(44")V) @(V(BB*)V)

V) ®WV) (= AA"=AA=1and BB*=BB =1)
VZ ®V2

IQI (+VZ=1I)

I

Case (i) (VA ®VB)) (VA®VB) = ((VA)*®(VB)* (VA ®VB))
= ((vA)'vA)®((VB)*VB))
= (((4'v")VA)®((B*V*)VB))
= ((A*(V*V)A)®(B*(V*V)B)
(4 (VV)ARB*(VV)B) (= V*=1)
((A*V2A)®(B*V?2B)
=((4ARB*B) (~Vr=1I)
QI (~ AA*=A"A=1and BB*=B"B=1I)

I
o~

(T =1I)

Therefore, in both cases, we have (VA ®VB)((VA ®VB)) = ((VA®VB)) (VA®VB) =1
= (VA ®VB) is conjugate unitary matrix.

Theorem: Let 4, B, C and D € C,,, are conjugate unitary matrices then (4 ® B)(C ®D) = (AC)®(BD)

ayB - aBl[cnD - D

Proof: (4 ®B)(C ®D) =

an B - Ay Bllcy D - cppD
[ZZ:l[alkalBD] =+ Yg=1la1Cin BD]

Yr=1l@niceiBD] - XioilankcinBD]
Yroilagcr]l o XRoilagkcial
= H cen . ®BD

Yi=ilankcin] o XRoalankcinl
~ (A®B)(C ®D) = (AC)®(BD)
Theorem: If A,,4,,-, 4,, and By, B,,*+, B,, are sequence of conjugate unitary matrices
in Cpxr, then (4, ®B,)(4,®B,) - (A,®B,) = (A4, -+ A,)Q(B,B; - B,).

Theorem: If A,,4,,-, 4,, and By, B,,-, B,,, are sequence of conjugate unitary matrices in C,,x,, then
(4,04,8 - ®A4,,)(B;®B,® - ®B,,) = (A:B)®(4,B,)® -+ (A, B,)

Theorem: If A and B are conjugate unitary matrices in C,,»,, , then (A ®B) is conjugate normal.

Proof: Given that A and B are conjugate unitary matrices in C,,x,.
= A and B are conjugate normal matrices.

Thatis AA* = A*Aand BB* = B*B

We have show that (4 ® B)(4A ®B)* = (A ®B)*(4 ®B)
Case (i) (A ®B)(4A ®B)* = (A ®B)(A*®B")
= (A A")®(BB*)
Case (ii) (A ®B)*(A®B) = (A*®B*)(A ®B)
= (A"A)®(B*B)
= (A"A)®(B*B) .
= (AA")®(BB*) (~ AA* =A°A and BB* = B*B)
Therefore, in both cases, we have (A ® B)(4A ®B)* = (A ®B)*(A ®B)
= (A ®B) is conjugate normal matrix.

19605 |Page



International Journal of Recent Scientific Research Vol. 8, Issue, 8, pp. 19602-19606, August, 2017

CONCLUSION

The Kronecker product of conjugate unitary matrix was defined and theorems related Kronecker product of conjugate unitary
matrices are derived. This concept may be applied to secondary transpose and conjugate transpose of matrices.

References

1. FaBbender A, H.Kh.D. Ikramov B., ‘Conjugate-normal matrices: a survey’ Lin.Alg.Appl. Vol.,429, pp.1425-1441, (2008).

2. Govindarasu. A and Sassicala. S ‘Characterizations of conjugate unitary matrices’ Journal of ultra scientist of physical
science, JUSPS-A Vol.29 (1), 33 - 39 (2017).

3. Grone. R., Johnson. C.R,. Sa. E.M., Wolkowicz. H., ‘Normal matrices’ Lin. Alg. Appl. 87, pp.213-225, (1987).

4. Haamin Zhang and Feng Dig, “On the Kronecker products and their Applications”, Journal of applied mathematics, Hindawi
publishing corporation, vol.2 (2013).

5. Henderson. H.V., Pukelsheim.F and Searle. S.R “On the History of the Kronecker product.” Linear and Multilinear algebra,
14:113-120, (1983).

6. Phillip A. Regaliat and Sanjit K. Mitra ‘‘Kronecker products, unitary matrices and signal processing applications’” Siam
Review 01989 Society for Industrial and Applied Mathematics Vol. 31, No. 4, pp. 586-613, December(1989).

7. Pollock. D.S.G. “On the Kronecker products, tensor products and matrix differential calculus”, International Journal of
Computer Mathematics Vol.90. iss.11,(2013).

8. Sharma. A.K,, ‘“Text book of matrix theory ’'DPH Mathematics series, (2004).

9. Van Loan, “The Ubiquitous Kronecker Product”, Journal of computational and Applied Mathematics, vol.123, no.1-2 pp 85-

100 (2000).

How to cite this article:

Govindarasu A and Sassicala S.2017, Kronecker Product of Conjugate Unitary Matrices. Int J Recent Sci Res. 8(8), pp. 19602-
19606. DOI: http://dx.doi.org/10.24327/ijrsr.2017.0808.0728

*kkkkhkk

19606 |Page


http://dx.doi.org/10.24327/ijrsr.2017.0808.0728

