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INTRODUCTION

Banach contraction theorem is one of the most widely used
fixed point theorems in all analysis. It has been generalised in
many different directions by Mathematicians over the years.
Bakhtin [2] introduced b-metric spaces as generalisation of
metric spaces and proved contraction mapping principles in b-
metric spaces that generalised the famous Banach contraction
theorem. In contemporary time, fixed point theory has evolved
in cone metric spaces equipped with partial ordering. The
concept of cone metric space was introduced by Huang and
Xian [2] where the set of real numbers is replaced by an
ordered Banach space in the definition of metric. They
introduced the basic definitions and some properties of
convergence of sequences in cone metric spaces. They have
proved some fixed point theorems of contracting mappings on
complete cone metric spaces with assumption of normality of a
cone. Thereafter various authors have generalised the result of
Huang and Zhang and have studied fixed point theorems for
normal and non normal cones [1,6,11,]. In [5], Hussin and Shah
introduced cone b-metric spaces as a generalisation of b-metric
spaces and cone metric spaces. Since then, several interesting
fixed point results have been appeared in cone b-metric
spaces.[8].

*Corresponding author: Sherly George

Expansive mappings in metric spaces were treated and
respective fixed point results were obtained in [7,9,10,12].
Several authors have proved fixed point and common fixed
point theorems for expansion mappings in the setting of cone
metric spaces. Motivated by that we prove some common fixed
point and common coincidence point theorems for expansive
type mappings in the setting of cone b-metric spaces without
the assumption of normality.

Consistent with Huang and Zhang [2], the following definitions
and results will be needed in the sequel.

Definition Let E be a real Banach space. A subset P of E is
called a cone if and only if

1. Pis closed, nonempty and P+ {0} ;
2. a,b€R,a,b>0,x,yEP imply that ax+by€EP;
3. PN(-P)= {0}.

Given a cone PCE, we define a partial ordering < with respect
to P by x<y if and only if y—x€P. A cone P is called normal if
there is a number K>0 such that for all x,y€E,

0< x <y implies |lx|| < Kllyll @

The least positive number satisfying the above inequality is
called the normal constant of P. We shall write x<y to indicate
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that x<y but x#y, while x<y stands for y—x€ int P (interior of
P).

In the following, we always suppose that £ is a Banach space,
P is a cone in E with intP#¢p and < is partial ordering with
respect to P.

Definition Let X be a nonempty set. Suppose that the mapping
d:XxX—E satisfies:

1. 0<d(x,y) for all x,y €X and d(x,y)=0 if and only if x=y;
2. d(x,y)=d(y,x) for all x,y EX;
3. d(xy)<d(x,z)+d(zy) for all x,y,z €X.

Then d is called a cone metric on X and (X,d) is called a cone
metric space. The concept of cone metric space is more general
than that of metric space.

Definition Let X be a nonempty set and s>1 be a given real
number. Suppose that the mapping d:X xX—FE satisfies:

1. 0<d(x,y) for all x,y €EX and d(x,y)=0 if and only if x=y;
2. d(x,y)=d(y,x) for all x,y EX;
3. d(xy)Ss[d(x,z)+d(z,y)] for all x,y,zEX.

Then (X,d) is called a cone b-metric space. The class of cone b-
metric space is larger than the class of cone metric space since
any cone metric space be a cone b- metric space. Therefore, it
is obvious that cone b-metric spaces generalize b-metric spaces
and cone metric spaces [4].

Definition Let (X,d) be a cone b- metric space, {x,} a sequence
in X and xE€X. For every c €EE with 0<c, we say that{x,}is :

1. a Cauchy sequence if there is an N such that, for
nm> N,d(x,x,) < ¢

2. a convergent sequence if there is an N such that, for
alln,> N, d(x, x) < cfor some x in X.

A cone b- metric space X is said to be complete if every
Cauchy sequence in X is convergent in X.

Definition Let f and g be self maps of a set X. If w=fx=gx for
some x €X,then x is called a coincidence point of f and g, and w
is called a point of coincidence f and g.

Definition A pair of self mappings to be weakly compatible if
they commute at their coincidence points.

Proposition Let f and g be weakly compatible self maps of a
set X. If f and g have a unique point of coincidence w=fx=gx,
then w is the unique common fixed point of fand g .

The following lemma is needed to prove the result.

Lemma [3, lemma 1.8]. Let P be a cone and {a,}be a
sequence in E. If c€ int P and 0§an—>0 (asn—x), then there

exist N such that for all n>N, we have a <c.

MAIN RESULTS

Theorem 1

Let (X,d) be a complete cone b-metric space. Suppose that the
commuting mappings f,g:X—X are such that for some constant
A>1 and for every x,y€X,

d(f.fy)>\d(gx,gy). )

If the range of f'contains the range of g and f'is continuous then
fand g have a unique common fixed point.

Proof

Let xO

we can choose xleX such that yozg(xo):f(xl). Let xZEX be

such that y1:g(xl):f(x2). Continuing this process, having

be arbitrary. Since the range of f contains the range of g,

chosen x €X, we choose x in X such that
n nt+l
y =G )Ax )
Now,
dy v ) =d(f )
>hd(gy ex ) from (2)
>y )
dl < laf
0}n+15yn) — (ynsyn_l)

1
= hd(yn,yn_l) whereh= x<1

Now we shall show that {yn} is a Cauchy sequence.

By the triangle inequality for p>1 we have

2 p
dy , < ady , +a di , e d ,
(yn yn+p) “ (yn yn+1) “ (yn+1yn+2) “ (yn+p—1 yn+p)

1 p ntp—1

n 2 nt
<[ah+ah +-+dh ]d(yl,yo)

n
ah

< l_ahd(yl,yo)—>0 asn—oo
Let 0<c. By using the lemma 8 we get

n

ah . A
d(y )< md(y | ,y0)<<c by setting a,, :f_ﬁ d(1,Y0)

n? n+p
Hence we get {yn} is a Cauchy sequence. Therefore
{yn}:{gxn}:{ﬁcn+1} is Cauchy sequence.
Since X is complete, there exist some ¢ in X such that

lim lim
008y oy~ 3)

Since fis continuous and g and f commute we get

lim lim
Ja A, /%) “nod Xy
lim lim
JaA,08%,) “nod/&%,
lim
S @)
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From (2) we get

d(figx )ffx ) 2Ad(ggxn, 9f xn)
d(gg, g < Sd(izx, )
When n— oo and using equations (3) and (4)
1
d(g4:/9) <(d(fa./9))
=fqg  =gq. From (5)
Again from (2) it follows that
d(fx, .fq) Z M(gx .89).
ie, d(q.fq) >2d(q,gq) asn—o  from(3)
=M(q./q) from (5)
=/q = g

Since A >1, d(q,fq) = 0, which implies that fg =¢ .Thus using
equation (5), it gives fg= gg =¢q

Then we get gg=fg=¢q

Now we prove the uniqueness of the common fixed point. For
this, assume that there exists another common fixed point 4 in

X such that ngqulqu.
From (2) we get

d(q -9)=d/q,/9) = Md(29,.89)

> M(ql,q)-

As )>1, we get 4,=9- Hence theorem is proved.
Theorem 2

Let (X,d) be a cone b-metric space. Suppose that two mappings
f.g: X—X satisfy the following condition

d(fx.fy)=hd(gx.gy), Vx,yeX (6)
where A>1. If the range of f contains the range of g and one of
the subsets f{X) and g(X) is complete, then f and g have a
unique point of coincidence in X. More over, if f and g are
weakly compatible, fand g have unique fixed point.

Proof. Proceeding as the proof of Theorem 1 we get {yn} is a
Cauchy sequence.

Since f{X) is complete there exist ¢ in f{X) such that Y4 s
n—oo Consequently we can find p in X such that f{p)=gq.

From (6) we get
d(fi fp)
i.ed(fp.fp)

Since A>1, d(fp,gp)=0. So we get fp=gp=¢q

Now we prove the uniqueness of the point of coincidence. For
this, assume that there exists another point of coincidence 4 in

Zhd(gx .gp)
>\d(q.gp) asn—oo

X such thatfpl:gplqu. From (6) we get

d(fp | 1P)
d(q,-9)

EM(gpl,gp)
ZM(ql,q).

Since A>1 d(ql,q)ZO which shows that 9,=9- Hence theorem
is proved.

By proposition (7)f'and g have a unique common fixed point.

Corollary 1 (14 Theorem 3.1) Let (X,d) be a cone metric space.
Suppose that two mappings f,g:X—X satisfy the following
condition

d(fx.fy)>2d(gx,gy), Vx,y€X

where A>1. If the range of f contains the range of g and one of
the subsets f(X) and g(X) is complete, then f and g have a
unique point of coincidence in X. More over, if f and g are
weakly compatible, f and g have unique fixed point.

Theorem

Let (X,d) be a cone b-metric space. suppose that the mappings
f.g: X—X satisfies the condition

d(fxfy)=Md(fx.gx)+d(fy.gy)] Vx.yeX, x#y Q)

1
where A€( 5’1)' If the range of f contains the range of g, and
one of the subsets f{X) and g(X) is complete subspace of X then
fand g have a point of coincidence in X.
Proof Let Xy be arbitrary. Since f{X)Dg(X) we can choose X EX
such that yOZg(xO):f(xl). Let x2€X be such that yIZg(xl):f(xz)
. Continuing this process, having chosen anX, we choose

x in X such that

ntl
Y n:gxn = K ntl
NOW, d(yn:yn_l) = d(fxn+lﬁcn)

>
Md(fe | gx | rdgs fx)]

=
MA@y L ) v )]

1-A

e, dy v )

IA
~|
8
<
=\-
S
_
N

1-A
hd(yn,yn_l) whereh= x <1
d(yn,y n+1)

IA
g
<
S
N

IN
=
QU
<
S
N
<

= hdygy).
Now we show that {yn} is Cauchy sequence.
By the triangle inequality for p>1 we have

2
< + Feeeens
d(yn’yn+p) - ad(yn’ynH) “ d(yn+1,y ) apd(yn+p_1,y n+p
2 n+l

[ah ' +an" et d WP _1] d(y vy

)

n+2

IN

ah’!

< l—ahd(yl ,yO)—>O asn—oo

Let 0«<c. By using the lemma 8 we get
23732 |Page
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n
ah
d(yn i +p)_ _ahd(yl,yo)«c by settinga,, = — d(¥1,Y0)

Hence {yn} is Cauchy sequence. Since f{X) is complete, there
exist a ¢ in f{X) such that Yy, 74 as n—o. Consequently we can

find p in X such that f{p)=q.
From (7) we get

d(fxn:fp) 2 k[d(fxn,gxn)-i-d(fp,gp)
d(fp.fp) > Md(fp.gp)] asn—o
d(fp.gp) =0

Jp=gp-

Corollary 2 (13, Theorem 3.7)

Let (X,d) be a cone metric space. suppose that the mappings
fg: X—X satisfies the condition

d(fx.fy)22[d(fx.gx)+d(fy.gv)] Vxy€X x#y

1
where /16(5, 1). If the range f contains the range of g, and one

of the subsets f(X) and g(X) is complete subspace of X then f
and g have a point of coincidence in X.

Theorem 4

Let S and / be commuting mappings and 7" and J be commuting
mappings of a complete cone b-metric space (X,d) into itself
satisfying.

d(Sx,Ty) >Ad(Ix,Jy), forallx,ye€X ®)
where A>1. If S(X)2J(X) and T(X)2I(X) and if S and T are

continuous, then all S,7,/ and J have a unique common fixed
point.

Proof. Let X in X be arbitrary. Since S(X)>J(X) we can choose

xlEX such that JxO:le. Let xZEX be such that le:sz as
T(X)21(X) In general, x €X is chosen such that

2n+1
szn:SxZnﬂ and x2n+2EX such that Ix =Ty

2n+1
Take, Yy :szn :szn 41 n>0
n>0

i1 o0

2n+2’

Yon+1
Now, we shall show that v, is a Cauchy sequence.

For this we have

yVpp-t) = A, 1)
> Xd(lx2n+l,Jx2n) from (5)
> Md(y, , v )] forn=1
dy, v, ) zMy, )
1
dv ) <3d v )
<Ly

1
< hnd(yl,yo) whereh= X<1'

By the triangle inequality, for p>1 and using definition of cone
b- metric space, we have

2
dy .y ) > ad(y ,y +a dy y ke apd(y

n ntp ntl" nt+2
+ +p—

all"+ 2h” Lot d P )

1

o v, +p)

IN

ah +a2hn

IN

et TP Ay
ah”
< 1_aha’(y,yo)—>0 asn—oo

Let 0«<c. By using the lemma 8 we get
d(y Yoy )<<c It follows that {y } is Cauchy sequence.
Let yeX be such that
lim lim lim lim
0" o241 o 2t 1 o0 22V

©)

Since S is continuous , S and / commute, and from (6) it
follows that

lim lim
Szx Sy,n_)OOS 2n+1:n_)ooISx2n+1:Sy. (10)
From (8)
d(S(S(x2n+l),Tx2n+2) ZXd(ISx2n+1,Jx2n+2)
1
kd([Sx2n+l,Jx2n+2) Sxd(Szxan,szn_i_z).

Taking the limit as n—o0, we get
1
d(Sy.y)= 7 d(Sy.y)-

Since 0<A<1, we get d(Sy,y)=0 which implies Sy=y.
Similarly, since T is continuous, J and 7 commute, and from
(9) it follows that

lim lim lim
T2x2 T s Ty =Ty =T (11)
From(8).
A(Sxy T o)) 2hd(ley, 1%, 10)
1
Ay 1 00) —kd(sxznﬂ’TZ i)

Taking the limit as n—o0, and using the inequalities (9) and(10)
we get

1
dy,T)=3 (0. Ty) =Ty=y

Next, We prove Iy=y. From (8)

d(Sy,Tx >Ad(1y,Jx

2n+2) 2n+2)

1
d([y,Jx2n+2)§ xd(Sy,Tx2n+2).

Taking the limit as n—o0, using inequality(9) we get
1
d(ly.y)=5d(y.y) =Iy=y

Again from (8) we get,
d(Sy,Ty)

d(ly,Jy)

v

M(ly.Jy)

1

Q4D
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1
=00) =h=Jy

Thus we Sy=Ty=Iy=Jy=y

Next, to prove uniqueness of the common fixed point,assume
that there exist

another common fixed point x in X of all §,7./ and J, then

d(x,y)=d(Sx,Ty)>Nd(Ix,Jy)>\d(x,y)

Since A>1 d(x,y)=0 i.e y is the unique common fixed point of
all S,7,7 and J. Hence we proved the theorem
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