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INTRODUCTION

Consider the unconstrained optimization problem:

min{f (x) ‘ x e R" } 1)
where f is a continuously differentiable function of n variables. In order to introduce our new modified CG-method which is a
generalization of three-term (Hestenes and Stiefel, 1952) (HS)-CG method. Let us simply recall the well-known BFCG quasi-

Newton (QN) direction (Dennis and More et al., 1977). QN-methods for solving (1) often needed the new search direction d, at
each iteration by:

X =X +o, dy (2)
where ¢, = \Y4i (Xk) is the gradient of f evaluated at the current iterate X, . One then computes the next iterate by
d.=-H.g, (3)
where the step size ¢, satisfies the Wolfe-conditions

f(x, +a.d)<f(x)+8,a.d g, @)
g(xk+0‘kdk)Tdk252dkTgk (5)

where 0 <, <1/2  and 5, <J, <1,and H,, isan approximation to {VZ f (X, )}_1 . The matrix H,,, satisfies the actual
quasi-Newton condition

H 1Y = PV (6)
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where Y, = 0,.;— 0, + Vi = Xy — X, P, isascalar, for exact QN-condition p, =1.

For BFGS-update, where H,,, is obtained by the following BFGS formula:

CH, 4 (1 YEHY ) Sk s He F Heyss
- K

H k+1 T T T (7)
Sk yk Sk yk Sk yk
If H, =1 (where I is the identity matrix). Then the above BFGS method becomes the memory less BFGS method introduced
by Shanno (Shanno, 1978). In this case the search direction d, ,; can be defined as:
T T T T
Y« 9 Ye Y y Sk 9 Sk 9k
dk+l :_gk+l+( kT ol (1 + '||(' X ) kT — )Sk + T - yk (8)
Sk yk Sk yk Sk yk Sk yk
which shows that d, ,, possesses the following form:
Ao == O + B Sk 0 Vi )
which is called the three-term CG-algorithm.
(Nazareth, 1977) proposed another CG- algorithm using a three -term recurrence formula:
T T
Ye¥ YeaY
Aoy ==V + l; « d, + l;l « dy, (10)
yk dk yk—ldk

with d, =0 , d,=0.

If f is quadratic convex function, then for any step length a, the search direction generated by (10) are conjugate subject to

the Hessian of the nonlinear function f , even without exact line search. In the same context, (Zhang et al., 2007) proposed
another descent modified HSCG method with three-term, say, ZTCG where its search direction was defined as:

T T
gk+lyk _ gk+lsk
T k T
Sk yk Sk yk

ey =Gy + Yy (11)

Where d0 =—0, A remarkable property of this method is that produce descent direction i.e.

2

dkT O« = _||gk+1

The convergent properties of (11) for a convex optimization are given in (Zhang et al., 2009).
(Laylani Y, 2016), has developed a new algorithm in the three—term CG Which search direction was defined by

(12)

T
S

dk+1:_gk+1+ﬁABSk_ﬁAngTk;1ykyk (13)
k+1J k

ﬁAB _ YIYk
9y 0,
Where

There are many possibilities in choosing search directions in this type of methods and it must be said that there is no single choice
that is superior to others in most situations. Below we will introduce a new formulated three term CG-method which its idea is
based on two important properties, i .e. the descent property and conjugacy condition.

A New Three-Term CG-Method (New)

Consider the search direction which is suitable for any three-term CG-type methods is defined by the following formula:

=G 7Sk~ + kPRP)Yk (14)
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T J—
Where }j ZM.
Y Sk —Yi)

Some Remarks on the New Method

T

1. Iftheline search is exact i.e. G S = O, then the search direction in (14) reduces to the classical HSCG search direction .
T _ T _

2. If the objective function is quadratic convex and line search is exact, then G 9 =0 and Sk Oin =0 , hence, the search

T —
direction defined in (14) will reduce to the classical Conjugate-Descent method since, gk+1sk_0, and

(g;-+1 Y )2 = (_g1k-+1gk+1 _g1k-+1gk+1 )2 = (g1k-+1gk+1)2_
Outlines of the New Algorithm (New)
Stepl. Given an initial point X, € R" and ¢ >0 Set k=0
Step2. Set k=k+1 and calculate g(X, ).
Step3. Check if ||gk|| < &, then stop.
Step4. Calculate step length ¢, using Wolfe line searches (4) and (5).
Step5. Set X, =X, +o,d, .
Step6. Calculate Q4.1 and Tet -

Step7. Calculate The search direction d, ,, defined in (14).
Step8. Go to Step2.

The Descent Property of the new formula To show that the search directions of (14) are descent directions:
Proposition
Suppose that the line search satisfies the Wolfe condition (4) and (5) then dk+1 given by (14) is a descent direction.

Proof

The proof is by induction.
1. Ifk=1then g, d, <0 d, =—g, ><0.
2. Let the relation gldk <0 foran k .

T T T PRP\ T
a9k =99 T 7Sk i~ + B )i«

T T T
d7 0. =00 .0,. +(El|<+1(s'|<_y|<)s qr. _(gk+1(sk_yk)+gk+1yk)gT+y
k19K Cadla T Ty YR T T T HngZ k+1Y k
2
T (s T (s - Ok 1Y
dI+1gk+1:_gI+1gk+1+gk;l((:k_yk))Skglﬂ_ngﬂ((SSk_yk)) kY k _M
Yi Sk =Y« Yi Sk =Y« loi |l
. 2
Let a-:_g-ll(—+1gk+1 and bzw
o]
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gk+1( = Yi)o T g-lk—+1(sk ) T
d’ -a+ S - -b
k+1gk+1 yk(Sk ) kgk+1 y'||(' (Sk _ )gk+1yk
T —
dk+1gk+1 —a+ gkﬂ( i) kg-ll<-+1_ 9|T<+1( i) gk+1yk ~b
ykSk ykyk YiSk — kak
gk+1(sk Yi) T g-ll<—+1(sk —Yi)
d’ -a+ - -b
k+1gk+1 ykSk LykSk kgk+1 y'||('sk LykSk gk+1yk

Let g5~y ) >0and Lyys, >y, sy

gk+1(5k Yi) gk+1(sk Yi)
dy —a+ Max S,,0 Max (9, ;Y ,,0)—b
ka9 = ykSk LykSk (9k+1 0)— y Lyksk (gk Yi:0) -

Let o= gk+1( = Yi) Max (gk+1sk10) and d=— gk+1(sk Yi) Max (gk+1yk10)
ykSk _LYkSk yksk _LYkSk

d, .0, ,=—a-c+d -b<0

d;-+1gk+1 <O

Convergence Analysis Property

In this section, we have to prove the basic global convergence property of the (New) proposed algorithm under the following
assumptions:

Thelevel set S = {xe R": f(X) < f(x )} isbounded, i.e. there exists a positive constant B >0 such that, for all:
IX|<B .,V Xxes
Is.|| < B, , V Xes

In a neighborhood N of S the function f is continuously differentiable and its gradient is Lipschitz continuous , i.e. there
exists a constant L > O such that:

Vi) - VA(y) | <L|x-y]|
Under these assumptions on f, there exists a constantC >0 such that ||Vf (X)” <c,forall xes:

Iyl <c (15)

Observe that in the above assumption, the function f is bounded below is weaker than the usual assumption that the level set is
bounded. Although the search directions generated by (14) are always descent directions, to ensure convergence of the algorithm we

need to constrain the choice of the step length &, . Now, the following proposition shows that the Wolfe line search always gives

a lower bound for the step length ¢, .
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Proposition

Suppose that dK is a descent direction and that the gradient Vf satisfies the Lipschitz condition

||Vf(X)—Vf(Xk) || < L||X— X, || for all X on the line segment connecting X, and X,,; , where L is a positive constant. If the
line search satisfies the Wolfe conditions ( ) and ( ), then:

_@-o)gid,

a, = (16)
o

Proof: See (Andrei et al, 2013)

To prove the global convergence we need the following lemma (Zoutendijk, 1970).

Lemma

Suppose that X, is a starting point for which assumptions (5.1) and (5.2) hold. Let X, be generated by the descent algorithm (New)

with &, satisfies the Wolfe line search conditions ( ) and ( ) then we have:

(17)

It easy to get from Propositions (1) that (17) is equivalent to the following equation:
- Jo’
2 < (18)
Jd]
Theorem
Suppose that assumptions (1) and (2) holds, and consider the new algorithm (New), where ¢, is computed by the Wolfe line
k

search conditions (4) and (5) then:

lim inf g, || =0 (19)

k—o0

Proof

The prove is by contradiction we suppose that the conclusion is not true. Then there exist a constant r >0 such that:

o] > vV k>0 (20)

since ||gk|| # 0 and with Proposition (4. 1) it follows that dk # 0 . Consider the search direction defined by the equation (19):

Ay =—0k1 — Sk + (7 +ﬁkPRP)Yk

||d|<+1||2 :H_gk+l —ay S, + (¥ +ﬁkPRP)Yk H2
||dk+1||2 < ||gk+||2 + ¥y “Sk ”2 + (7 + By )||Yk+1||2
Leta=y, “Sk ”2 + (7 + By )”y |<+1||2

ld .l <loi. " +a

[d,..[<r +a
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ld, . < %«7)2 %)

Letb=((y')? +7 a)

1
Jdy ol <=b
°° 1 1—
<oy 2l=eo
Hdk+1H
lim|g, |=0

k —o0
Numerical Results

In this section, we compare the performance of new formal K11 developed A New Three-Term CG-Method. We have selected
(75) large scale unconstrained optimization problem, for each test problems taken from (Andrie, 2008). For each test function we

have considered numerical experiments with the number of variables N =100 . 1000. These two new versions are
compared with well-known conjugate gradient algorithm, the YS algorithm. All these algorithms are implemented with standard
Wolfe line search conditions (4) and (5) with. In all these cases, the stopping criteria is the||gk|| =10"%. All codes are written in

doble precision FORTRAN Language with F77 default compiler settings. The test functions usually start point standard initially
summary numerical results recorded in the figures (1),(2),(3). The performance profile by (Dolan and More", 2002) is used to

display the performance of the developed A New Three-Term CG- algorithm with YS algorithm. Define J = 750 as the whole
set of N p fest problems and S = 2 the set of the interested solvers. Let | Bs be the number of objective function evaluations

required by solver S for problem [J . Define the performance ratio as

—_PsS
s = @)
p

Where |; =min{l ps -S € S} itis obvious that Fos >1 forall P,S . Ifasolver fails to solve a problem, the ratio Fos

is assigned to be a large number M . The performance profile for each solver S is defined as the following cumulative

distribution function for performance ratio rp s

size{peP:r, <t}

N,

p(7)= (22)

Obviously, P (l) represents the percentage of problems for which solver S is the best. See(Dolan and More”, 2002). for more

details about the performance profile. The performance profile can also be used to analyze the number of iterations, the number of
gradient evaluations and the cpu time. Besides, to get a clear observation, we give the horizontal coordinate a log-scale in the
following figures.
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