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INTRODUCTION
Let LP(u) denotesthe collection of al measurable functions f: X — R (or C) such that (I | £(x) IP dp)™® < o0, The space LP(X, S, p)
X

is a Banach space under the norm defined by || f ||, = (I [ P dp)¥P. If p=2, then L%() is Hilbert space and it is a space of square-
X

integrable functions of complex numbers. By B(L?(1)), we denote the Banach space of all bounded linear operators from L2() into
itself. Anoperator Te B(H) iscalednormal if T T=TT, nnormal if T T" =T"T", Tis binormal if T~ T commutes with
T T and n-binormal if T" T" commutes with T" T". Again, an operator Te B(H) is known as hyponormal if T'T = TT and T
is quasinormal if T commutes with T'T. Let (X,Q, ) be a o-finite measure space and ¢: X — X be a non-singular measurable
transformation (pu(E) = 0 = u¢™*(E) =0). Then a composition transformation , for 1< p < oo, Cy: LP (1) - LP(n) isdefined by C,f
=fop, for every f e LP (). In case C, is continuous, we call it a composition operator induced by ¢. It is easy to see that C, isa
-1
bounded operator if and only if g = f, , the Radon-Nikodym derivative of the measure ™ with respect to the measure p
M

, iIs essentially bounded. For more detail about composition operator and weighted composition operators, we refer to Singh and
Manhas [9], Campbell [6] and Takagi [5]. For each f e LP(n), 1< p <o, there exists a unique ¢™(Q ) measurable function
E(f) such that

[gfdu= [gE()dy,
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for every ¢(Q ) measurable function g for which left integral exists. The function E(f) is called conditional expectation of f with
respect to the sub- algebra ¢™(Q ). For more properties of the expectation operator, we refer to Parthasarthy [7]. Given f, g € L%R),
then convolution of f and g, f.g can be defined by

o) = [ g0yt () duey),

where g isfixed, k(x,y) = g(x-y) is aconvolution kernel and the integral operator defined by
WE) = [ k)t () du(y)

is known as Convolution operator. Suppose ¢ : [0,1] — [0,1] is a measurable transformation, then

Wit () = [ Keyfom)du)
= [ K Oy f)uy)

is known as composite convolution operator induced by pair (k,), where

ko (x-Y) = E(fo(Y)k(x-Y) ¢™(y))-

Suppose u : X — € isamessurable function. Then the bounded operator W, defined by

Wi f(X) = JuCOk(x-y)f(9(y))du(y)
= [Kug(x-y) f(y)duly),

isknown as composite convolution operators with weight, where

Kus(y) = UREKX-07(Y) foy) = UIEKeS™(Y)) Foly))-

The composite convolution operators with weight are a class of operators which consists of composite convolution operators and
multiplication operators. For literature related to the convolution operators we refer to Stepanov ([11],[12]), Bloom and Kerman
[9], Hamos and Sunder [7]. Lybic’s [13] conjecture was introduced by Whitley [14] and generalized it to Volterra composition
operators on LP[0,1]. Gupta and Komal ([1], [2]), Gupta [3] also studied composite integral operators and composite convolution
operators. In this paper the characterizations of quasinormal, binormal and hyponormal composite convolution operators with
weight are explored. The criterions for n-normal and n-binormal composite convolution operator with weight are also studied. The
conditions for isometry and unitary composite convolution operator with weight minus identity operator are also characterized.

Quasinormal, Binormal and Hyponormal Composite Convolution Operators with Weight

In this section the characterizations of quasinormal, binormal and hyponormal composite convolution operators with weight have
been investigated.

Theorem: Let Wy, € B(L%(w)). Then W, isquasinormal if and only if

J; i .x[ Kar (-¥) kuo(y-2) kuo(z-9) du(y)du(@)du(t) =£ .x[ JX. Kuo(6-Y) Ky (7-2) Kup(Z-t)du(y)du(z dua(t).

Proof: Suppose W, is quasinormal. Assume any measurable rectangle ExF of finite measure. Then, we have

(W Wigs W . 26) = l i [T K 009 Ko (- 2) Ko (2) dha () i (@) s ) )

ExF
and

(W Wy Wog 1 1) =£ f [ Kusbey) K 72 kuplz-0du®du@dny)dn(x).
ExF

Thus, it follows that
899% |Page
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J; Kop 0¢Y) Kugly - 2) kuo(z-)du(t)du(2)du(y)

= J; Kus0CY) Ky 5 (Y - 2) Kug(y-2)du()du(z)du(y).

Conversely, if the condition is true then it is obvious that W,,, isa quasinormal operator.
Thus the proof of the theorem is complete.

Theorem: Let Wy, € B(L%(w)). Then Wy, is hyponormal if and only if

.)[ Kos (¢Y) Kug(y - 2du(@)du(y) = .)[ Kup(X-y) K 5 (¥ - 2)du(@)du(y)-

Proof: Firstly, suppose that the given condition is true then it is obvious that W,,, isahyponormal operator.
Conversely, if W, is hyponormal. Then for any measurable rectangle EXxF of finite measure, we have

(W, W xe %) = I [T K, 0y) Kasly - 2@ 2e09du@du(y)du(x)

- l .[ .[ Kus 0¥) Kugy - Ddu(@)du(y)du(x)

ExF
and (Wy, Wy e, %e) = l j j Kug 0Y) Ky (¥ - 2xe(2) xe(X)du(@)du(y)du(x)

:i I I Kuo(x-Y) K¢ (¥ - 2)dp(@)du(y)du(x).

ExF
Thus, it follows that

i Kag (¢Y) kugly - 2)du(@)du(y) = l KuoO-y) Ky ¢ (v - 2)du(z)du(y).

Thus the proof of the theorem is complete.

Theorem: Let W, € B(L*(w)). Then Wy, isbinormal if and only if

1T K, ) Kuply - 2) Koz - ) K (D) dacy) du(z) dut)

=[] katen) K - 2) K (y)Kagly - 2) duy) du(@) o).
Proof: Firstly, suppose the conditionistrue. For f, g e L), we have

(W Way Wy W £,9) = [ [ 1K xey)( Wy Wy W, 1)) du)] G (u(x)
=[] K, 0] kv Wy W, D@d@)AH) G 00du(x)
=[[] (K, %9 ka2 ([ kuglzd (W, DO du®) du@du(y) G ()
= []] K, 6 kisty-Dkas@ 0 [ K., (EPIPIA(PIA0duE) duaty) T (0cku(x).
=[] K, 09 katy-2) kuglz:) K., (¢ D)) d(OA@) cha(y) § ()u(x).
= [J]]] K, 69 kusy-2) Koz 0 K, (€)@ () G () ®
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and Wy, W W Woufig) = [ Wy W W Wi, (9 G (du()
= ] kst (1) 17 1)) duy)) G ()
= (][] kst K, 6-2 K, @0 koft-p) f(P) di(p) du®) du@) duty) § 6)d)
=[] usten K, 62K, @0 kaltp) du(y)du@dn(d f(p) G (). @

It follows from the equations (1) and (2) that W, is binormal.

Conversely, suppose W,,,, isbinormal. Takef = ye and g = g, we see that from (1) and (2)

[ ] ] K 0w kty2) ke K, -0 duty) du(z) duct)
E F

= [ ][ ke K, 02K @0 kugtPduy) du(z) du
E F
foral E, F e SxS. Hence therequired condition holds.
n- normal and n-binormal Composite Convolution Operatorswith Weights

The necessary and sufficient conditions for n-normal and n-binormal composite convolution operators with weight have been
derived in this section.

Theorem: LetW,, B(L%(w)). Then Wy isn-norma if and only if

[ Ko kKoDdu= [ K o) K 5-2) due)

Proof: Firstly, suppose W, isn- normal. Then for any measurable rectangle E x F of finite measure, we have
(W, W e ze) = [ W WD e 2e(0dn()

[T K ek 62 72 2600 du(@)engy) duo)
[I ] Ky 009 Ky 6-2) duy) dpocp)

ExF

and similarly

(WW ey = [ [ Kl 0o Ky 2 duty) deux )

ExF

Hence, the condition follows.
Conversely, if the condition is true, then W, is n- normal as the proof is straight forward.

Theorem: Let W, B(L?(w)). Then Wy, is n-binormal if and only if

[T ks cen Ky 62 Kl @0 K, (0) duy) du(z) dut)

= [ K ow Ky 62 K @K (-p) du(y)du@) du).
Proof: Firstly, suppose the conditionistrue. For f, g e L), we have
(W W" W" W', g) = j W W™ W 17 £)(x) G (X) du(x)
8998 |Page
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[T 1K (WD WD T £)) duty)] G ()t

[] Ko ] K 6-2WD 17 H@du@)duey) § 69dut)

= [[] &, o0 K2 (] K@), N0dum)du@duy) g (ddue)

=[] K o0k 02K @0] Kk, @-PEdP)dubduEdY) G 6)dutd).

= [[[]] K ek 62k @) K - PiE)duE)d0d du) G (du().

=[J]]] K ks 02 K @k, ) du)an@au®iEou(e) g (dut) )

and

(Wog W W Wiy f,9) = [ Wi W W Wy £ G 69du(x)

= [JI]] Wi oow Ky 072 Ky @0 Ky () du@y)du@du) () G (9eu() @)

Hence,W,, isn- binormal using equations (1) and (2).

Conversely, suppose W, isn-binormal. For f = ye and g = ¢, we get from (1) and (2)

[ ] ] K 0w K2 K@t K ) duy) du@ du)

E F

=[] ] Kl oen Ky 02 Ky @0 K] p)duy) du(2) duct)
E F
foral E, F e SxS. Hence therequired condition holds.
I sometric and Unitary Composite Convolution Operators with Weight

In this section criterion for composite convolution operators with weight minus identity operator to be isometry and unitary are
obtained for real valued kernel function k.

Theorem: Let W, € B(L?(w)) and ku, be real valued function. Then W,- | isanisometry on L%(w) if and only if I Kuo (2-X)
X

Kug (Z-Y)AZ = Kug(X-y) + Kyy (Y-X).

Proof: For W, € B(L*(w)), we have

(Wu,d) - I)* O(Wu,d) - I) =1

( uf —Do(Wy, —1)=1

Wi oWy — Wi, — Wy, +1 = |
Thisimplies that
Wu,f 0 WU,¢ = Wu,f + WU,d) (1)

Now, for f e L), we have
Wi oWt = [ ks (2+X) Waef(2) du(2)
X
= [ ] Koz ks 9) 1)) duy) @ @)
X X
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(using k;yf (X- 2) = kuo(zZ - X), kyg isrea valued function)
Also,

W +Wod 100 = [ Tkag (20 + ks O9) 1Y) duy) ®
X

Thus from the equations (1), (2) and (3), we have

[ Kup (290 s (2 )0z = Ky (x-9) + kg ()
X

This proves the theorem.

Theorem: Let Wy, € B(L*()) and k be real valued function. Then the following statements are equivalent:

1. Wye-1 isanunitary.

2. W, -I isanunitary.
3, j koo (Z-X) koo (z-Y)dz = j Kuo (- 2) kug (Y— 2)0iz
X X
= kyg (x-y) + kuy (Y- X).
Proof: ~ The proof follows from theorem 4.1, since to prove that Wy, - | is an unitary, it is enough to show that W, - | isa

surjective isometry.
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