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INTRODUCTION
Definitions
Carathéodory Functions[1]

Let g be the class of analytic functions P(z) of the form

P(z) =1+ ) piz (1)

which satisfies the condition Re {P(z)} > 0 in the open unit disc E = {z: |z| < 1}.

Let A denote the class of functions of the form

f@=z+) ay” @)

which areanalyticin E = {z: |z| < 1}.
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S isthe class of functions of the form (2) which are analytic univalent in E.
The Hankel Determinant |6, 7]
Let f(2) = Yh-o ayz" be analytic in E. For ¢ > 1, the g Hankel determinant of f is defined by

UnCn+1 + An+g-1
(n41@nt2 - Gnig

Hq(n) =

an+q—1 an+q an+2q—2

The second Hankel determinant is defined by|H,(2)| = |Z§Zi|, The second Hankel determinant was studied by various authors
including Hayman [4] and Pommeranke [8, 9]. We are interested in sharp upper bounds for the functional |a,a, — pa3| for certain
subclasses of analytic functions.

Sakaguchi [10] introduced the concept of univalent star like functions with respect to symmetric points. A function f € A is called
univalent starlike with respect to symmetric pointsif and only if

zf (2) }
Re{—————:>0, z E 3

{f(zf) =f(=2) ®
and the class of functions satisfying (3) may be denoted by S, *.

Das and Singh [2] extended the concept of symmetric points to convex and close-to-convex functions. A function f € A is said to
be univalent convex w. r. t. symmetric points if'and only if

(2f @)
R —— e
(f(2) - f(-2))

and class of such functions s denoted by K.
C;is the class of close-to-convex functions <> f in A with respect to symmetric pointsif there exists a function

z E 4)

g2)=z+ Z b,z" € S;" such that (5)
n=2
zf (2)
et LU ©

If there exists a function

h(z) =z+ Y c,z" € K, for which (7)
zf (z)
Re {m} >0, Z € E, (8)

the class of functions <> f(z) in A and satisfying the condition (8) may be denoted by C; ).
Let C; denote the class of functions in A which satisfy the condition

f(z) ‘
Re {m} >0, geS;,/and <>z E. 9

Onreplacing g by h K in (9), the corresponding class of functions f in A may be denoted by Cy ).
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Let o = Dandw

g € S¢"such that

# 0. Then C; (a) is the class of functions f in A with respect to symmetric points if there exists a function

{2(1 —a)f(2) 2azf (2)

9@ —g(-2) m} =P ek )

For h € K, Cj(s)(@)is the class of functions f in A which satisfies the condition

20-a)f(@  2azf'(2)
{h(z) “h(—2) | h(2) - h(-2)

} =P(z), z E (11)
PRELIMINARY LEMMAS

The following lemmas are required to establish our results.

Lemma ([3]).1f P(z) ,then|p.] =2(k=1,2,3,..).

Lemma ([5]). If P(2) € f, then

2p; = pi* + (4= px, @
4p; =p.® +2p (4 = py )x — p (4 — pP)x® + 2(4 — p,H(L — IxD)z, @
for somex and zwith |x| < 1and |z] < 1.

MAIN RESULTS

Theorem Let f € C;(a). Then, for any real number p,

laza, — pas®| <

8(2B — pK)? ou

CB-pk)  a+znz H=0 ¢))
32 B — Uk + 9u 0<uy< B
?( uK) A+amz 0= W=y (2)
9u B 2B
A+ 207 R=MST <
8(WK—2B)* oy s 2B (@))
C(uK—=B) (1 +20)? K
Where
B = 4(1 + 20)?
K =9(1 + a)(1 + 30a) (%)
C=16(1+ a)(1 + 30)(1 + 2a)?
The bounds are sharp.
Proof. Since f € C;(a), we have
1L - 0)f () +0azf (2) = 6P, G(2) = ng(_z) ©6)

Equating the coefficientsin (6)
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(arz Py
27 A+
_ P2+ b3
a3*(1+2a} @
a=p3+p1b3
\% = 1+ 30)

Againg S impliesthat
29'(2) = G(@)P(2). )]

Identifying the termsin (8) leads usto

( b=D
b, pz
by = ©)
_ Pz Pib2

\bs =7 +5

Combination of (7) and (9) give arise to

( et P4
T+
3p;

% = S+ 20 (10)
e = 2p3 + p1p;

\% = 21+ 39)

System (10) yields

C(aza, — paz®) = Bpy(4p;) + Bp,*(2p;) — pK(2p,)*

which on applying lemma 2 can be put in the form

C(azas — paz?) = Bpy{p:® +2p; (4 — p1?)x — p; (4 — p: )x* + 2(4 — p, (A — [x|*)z}

+Bp;*{p:* + (4 — p1*)x} — pK{p;* + (4 — p,;»)x}?

which implies that

C(azas — paz?) = (2B — pK)p,* + (3B — 2uK)p,* (4 — p,*)x (11)

—(4 = p:H{(B — pK)p,? + 4pK}x* + 2Bp, (4 — p, (1 — X))z

Replacing p, by p [0, 2] and using triangular inequality, (11) takes the form

Claza, — pas?| = |2B — pK|p* + |3B — 2uK|p? (4 — p)d + 2Bp(4 — p?) (1 — §°) + (4 = p?){|B — pK|p? + 4|u|K}®*, &=|x| <1,
which can be put in the form

Clazas — paz?| < (12)
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(2B — pK)p* + (3B — 2pK)p*(4 — p*)5 + 2Bp(4 — p*) + (4 — p*){(B — WK)p? — 4uK — 2Bp}3* ifp <O;
(2B — uK)p* + (3B — 2uK)p?(4 — p?)d + 2Bp(4 — p2) + (4 — pH){(B — pK)p? + 4pK — 2Bp}d® if0<sp< E;
(2B — pK)p* + (3B — 2uK)p? (4 — p*)3 + 2Bp(4 — p?) + (4 — p){(UK — B)p? + 4pK — 2Bp}s* if Es b= g—i; = F(5).
2.
K

3B
(2B — uK)p* + (2uK — 3B)p?(4 — p?)d + 2Bp(4 — p2) + (4 — pH){(uK — B)p? + 4pK — 2Bp}d” if SKSHS

2B
(UK — 2B)p* + (2uK — 3B)p?(4 — p?)5 + 2Bp(4 — p?) + (4 — pD){(UK — B)p? + 4uK — 2Bp}d* ifu= <

Since F () = 0, therefore F(3) isincreasing function in [0, 1] and takes its maximum value at & = 1. Then (12) reduces to

Claza, — Ua32[ = (13)
(2B — pK)p* + (3B — 2uK)p?(4 — p?) + (4 — p*){(B — pK)p? — 4pK} ifu<0;

(2B — HK)P* + (3B — 2uK)p?(4 — p?) + (4 — p?){(B — pK)p? + 4pK} ifo<p=2;

(2B — uK)p* + (3B — 2uK)p?(4 — p?) + (4 — p*){(UK — B)p? + 4pK} if E Sps i—ﬁ: = G(p). Then
(2B — uK)p* + (20K — 3B)P?(4 — p?) + (4 — pH){(UK — B)p? + 4pK} if 2 < <2,

(UK — 2B)p* + (2uK — 3B)p*(4 — p?) + (4 — p){(UK — B)p? + 4pK} ifu = %

Claya, — paz?| < Max G(p). (14)
Case(i) p=0.

Then G(p) = —2(B — puK)p* + 8(2B — uK)p? — 16pK. On differentiating w.r.t. p, we have

G'(p) = —8(B — pK)p? + 16(2B — pK)pand G'(p) = —24(B — uK)p? + 16(2B — pK).

2(2B-uK)
(B-pK)

2(2B-uK) " . . __ 8(2B-pK)? . .
ol G (p) < 0 and therefore G(p) is maximum. Moreover max G(p) = ———— — 16uK which takes us straight to (1).

(B—pK)
(1) issharpfor p, = [*E2H9, b, = p,2 —2 and p; = py (p,? - 3),

Case(i) O=p<:.

G (p) = Oimplies p=0or . The value p = 0 gives minimum value of G(p) in which we are not interested. At p =

Then G(p) = —2(B — pK)p* + 16(B — pK)p? + 16uK. An elementary calculations shows that maxG(p) = G(2) = 32(B — pK) +
16uK which gives (2). The sharp result isobtained ontakingp; = p, = p; = 2.

Case(iii) <p<=

=

Then G(p) = —8(uK — B)p? + 16uK which is decreasing function of p. Therefore we have max G(p) = G(0) = 16pK.
Case(v) Z=p=Z

Then G(p) = —2(2uK — 3B)p* — 8(2B — uK)p? + 16K.

Inthiscase also G(p) < 16pK.

Combination of cases (iii) and (iv) leads usto (3)

Equality holdsin (3) for p, =0, p, = —2 and p; = 0.

Case(v) u= %
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Then G(p) = —2(UK — B)p* + 8(UK — 2B)p? + 16uK.

It is easy to show that G(p) is maximum at p = [2LX-28)

p:?—2 and p; = p,(p;* —3). [
Ontaking a = 0 in the theorem, we obtain

Corollary If f € C;, then

(8 —9n)? _

m—%, H=0;

4

az4 — Haz®| < § 4 8
sy <=—:

9y, g=H=g

9u — 8)2 8

(9 )+9u, n=o.

2(90 — 4) 9

Letting o = 1 in the theorem, we get

Corollary If f € Cs, then

1-w? 0
1
a,04 — Has®| < S 1
, Esusl,
_ 2
-1 ——
@Qu-1)

On the same lines, we can obtain the following
Theorem Let f € C;(a). Then, for any real number y,

8(5B — PK)>? 49y

- , h=0;
C(3B—pK)  9(1 + 2a)?
— 2
BB 2K, AW ey
asai— past]< { CGB—HKY 91+ 20) 2K
aadlhbal. 49y 58 5B
5 —=sps—;
9(1 + 20)? 2K K
8(UK — 5B)? 49y 5B
+ n=—,
C(uK—3B)  9(1 + 20)? K

Where

K=49(1+ a)(1 + 3a)

{ B = 12(1 + 20)?
C = 144(1 + o) (1 + 30)(1 + 20)2

Ontaking a = 0 in the theorem, we obtain

Corollary If f € C{(s), then

2(uK-2B)

o and we arrive at (4). The result (4) is sharp for p; = , T p; =
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axa4 — Waz?| < <

(60 —49u)* 49y

—_——— — — M < 0;
18(36 —491) 9
_ 2
(098" aou 30
18(36 —49y) 9 49
49y 30 60
—, —=sp=s—;
9 49 49
— 2
(494 — 60) LA uzg
18(49u —36) = 9 49

Letting o = 1 in the theorem, we get

Corollary If f € Cy(s). then

axa4 — Waz?| < <

¢ (135—98u)> 49y

—_— =, MU < 0,
324(81—98y) 81
_ 2

(135 —1961)° 49 0yl
324(81—98y) © 9 196
49y 135 135
81" 106 =" ="og"
(98u —135)2 49y 135
— T u=—
324(98y — 81) * 81 98
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