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The starting point of this research is a contradiction of the conventional Schrédinger equation with
one of the fundamental Hamilton equations — a minus sign, essential for the energy conservation, is
missing. The full agreement of the Schrédinger equation with the Hamilton equations is obtained
only when the Hamiltonian in the time dependent phases of the two wave packets representing a
quantum particle in the coordinate and momentum spaces is replaced by its Lagrangian. We consider
the Universe as a distribution of ‘intrinsic’ matter, characterized by curvilinear time-space
coordinates, curved in a system of other coordinates, by an ‘extrinsic’ matter, with a density as
another matter coordinate. According to the general theory of relativity, any acceleration of an
extrinsic matter differential element in an ‘extrinsic’ (non-gravitational) field is perpendicular to the
velocity. This characteristic describes a matter propagation in planes perpendicular to the velocity.
This dynamics can be described by two Fourier conjugated wave packets, with a condition of
quantization asserting that the space integral of the matter density is equal to the rest mass in the
coefficient of the time dependent phases of these wave packets, which, according to their group
velocities, appears as a Lagrangian. In this framework, fundamental physical problems are
reconsidered by using the general theory of relativity in Dirac’s formulation, for the description of
the quantum dynamics. Although in this paper we develop an essentially relativistic theory, in the
proper system of a quantum particle we consider only small velocities of its differential matter
elements, otherwise this particle being shattered in space, as the notion of ‘particle’ has no more any
sense. We show that the Schwarzschild solution with a singularity is only an approximate one, since
the dynamics of a differential matter element is always joined to the dynamics of the other matter
elements of a quantum particle, and of other quantum particles always present in the realistic cases.
These matter elements perturb the gravitational field considered for the Schwarzschild solution,
leading to a penetrability of the boundary of a black hole, from the outside for an absorption rate,
and from the inside, for an evaporation rate. We consider black particles with phases including only
relativistic Lagrangians depending on the rest masses, and ‘visible’ particles, including other
interaction terms depending on ‘charges’. We obtain the Lorentz force and the Maxwell equations as
properties of a field interacting with a quantum particle, relativistic quantum equations with spin
interaction, the spin of the extrinsic matter of a quantum particle, and the spin of the intrinsic
component of this particle, we call ‘graviton’.

Copyright © Eliade Stefanescu, 2019, this is an open-access article distributed under the terms of the Creative Commons
Attribution License, which permits unrestricted use, distribution and reproduction in any medium, provided the original work is

properly cited.

INTRODUCTION

In the conventional quantum mechanics [1]-[3], a quantum
particle with an energy £ is generally described by a

Schrodinger equation

.. 0 - . - -
1h§t//E(r,t)zHO(p,r)t//E(r,t)zEt//E(r,t), 1

depending on a Hamiltonianequal to this energy,

H,(p.F)=T(p)+U(F)=E.

as a sum of the kinetic energy T’ ( f)) with the potential energy

U (77 ) .The general solution of this equation is a wave packet
of the form

B, 1 L TG

ve (7t) =—=3 [0 (B.1) e’ &, 0
(27h)

with the group velocity according to the first Hamilton

2) equation
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. 4)
op
However, we notice that the Fourier conjugate wave packet in
the momentum space,

) 1 BT
fﬂo(lﬂaf):ij(nt)e 4 & ®

has a group velocity,

d_. oH, o, .
L5 9 U(F). 6
al~F o\ (7) (©)

contradictory to the second Hamilton equation

d_. oH, o, .
—p=——2=—2U(F).
"= w0’ @

A minus sign is missing, as this minus is essential for the
energy conservation,

dE _0H, dr
At oF dt

OH, d _
i 4
op dt

=0. (8)

We conclude that for a correct description of the quantum
dynamics, in the wave packets (3) and (5) the Hamiltonian
must be replaced by the Lagrangian [4]-[6]:

Ho(ﬁ,F):T(ZJ)+U(F)—>LO(F,?):T(ﬁ)—U(?)- ©)

We obtain wave functions in full agreement with the Hamilton
equations (4) and (7),

(2 h 32 .[‘pc er,l””"’[’(”’) : erh J(/’n 9" p/ “hl77) d D (10)

ot L pr-[1(5)-U(7)]r}

v, (7.t)=

rd”s-:

— 1~ 1o(7.7)ef 3=
»(p,1)= (2 h) 372 J.l//o JWO &
These equations suggest a relativistic description of the
quantum dynamics, by wave functions with time dependent

phase elements of the form [5]-[6],

=—Mcds . (11

Based on this equation, we reformulated the relativistic
principle of the invariance of the time-space interval ds as a
relativistic quantum principle of invariance of the time
dependent phase of the wave function of a quantum particle
[6]-[9]. From the dynamical equations as group velocities of
the wave functions in the coordinate and the momentum
spaces, we obtained the Maxwell equations, the spin
interaction, and Dirac’s relativistic equations with rest mass, of
a quantum particle in electromagnetic field.

In this paper we consider the more general case of a Universe
as a distribution of ‘intrinsic’ matter characterized by time-
space coordinates, and curved in a system of other coordinates
by‘extrinsic’ matter distributions, with other coordinates, of
mass and other possible charges. We believe that such a

representation enables a better understanding of the open
quantum physics [10]-[14], as a unitary dynamics of a matter-
field system which, in this way, takes the form of a continuous
distribution of matter — some matter excitations, as the photons
or the phonons, can be hardly understood as ‘quantum
particles’ with coordinate probabilities described by ‘wave
functions’. In section 2, according to the general theory of
relativity [15], we find that any acceleration of a matter
element in a non-gravitational field is perpendicular to the
velocity. We consider a positively defined density of matter,
proportional to the square of a function of distribution. Taking
into account a Fourier series expansion of this function, called
‘wave function’, we define the quantization condition as an
equality of the total mass, as the space integral of the density,
with the rest mass in the Lagrangian of the time dependent
phase of this wave function. In section 3, we consider a
quantum particle with an electric charge, interacting with an
electromagnetic field described by a vector potential
conjugated to the coordinates, and an electric potential
conjugated to time. From the terms of the electromagnetic
interaction in the time dependent phase of a quantum particle,
we obtain the Lorentz force as a function of the electric and
magnetic fields, defined as functions of the two
electromagnetic potentials, and the Maxwell equations for these
fields. In section 4, we consider the Lagrangian as a function of
the momentum-velocity product and Hamiltonian, and obtain
relativistic equations including the rest mass and the particle
momentum and velocity. For an energy eigenvalue, we derive
an online are equation with as pin interaction which, for a non-
relativistic velocity, takes the linear form of the conventional
Schrodinger equation with the spin interaction. In section 5, we
derive the Schwarzschild solution for the metric tensor in a
constant central gravitational field, and show that, due to the
variations of this field induced by the other matter elements of
a quantum particle and of other particles always present in the
realistic cases, the boundary of a black hole can be passed in
the both directions. In section 6, we obtain dynamic equations
for a quantum particle in a gravitational wave. For the time-
space component of the extrinsic matter of a quantum particle,
called graviton, we obtain a proper rotation with a spin 2, as the
density dynamics of the matter in the time-space coordinates of
this particle includes a proper rotation with a half-integer spin
for an anti-symmetric wave function (Fermion), or an integer
spin for a symmetric wave function (Boson), according to the
spin-statistics relation. In section 7, we give a summary.

Quantum Particle as a Distribution of Matter

In a time-space reference system .S with the coordinates
x=(x“)=(x0=ct,x1,x2,x3)=(x°=ct,xi), (12)

we consider a distribution of extrinsic matter with a positively

defined density by a distribution function i/ (xi 1 ) ,

p(xi,t)z M‘(//(xi,t)‘z , (13)
with the normalization condition

[l (x'0)f ar'arar =1. (14
And the total mass M ,
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[p(x.r)ar'acar =u [l (.0 dldcdd = (15)

In the case of the special relativity, of an inertial system .S, and
of another time-space reference system S’ with parallel axes,

x = (x“') = (xol = ct’,xll,le,xy) = (xO' = ct',x"'), (16)

moving with a constant velocity ) in the direction x' Ox"
(Fig. 1),

o
“

3 3
X X

X

Fig 1A system of coordinates , in a system of coordinates with parallel axes,
moving with a velocity in the - direction.

the coordinate transformation has a simpler form:
0 0,0 T
X =x (x X )

x' :xl(xo,xl)

X’ =x"
X =x7,
7

with the relativistic condition of the invariance of any time-
space interval,

ds? =dx® —dx' —de® —de’ = ds? = de? —de e —d (18)
From these expressions, we obtain the coordinate
transformation
dx’ = 1+ x' 2dx” +x' dx'!
(19)

dr' = x' dx” + 1+ x' 2 dx"
with the determinant 1, and the reverse transformation

de” = fl4+x' de —x' !
(20)
e = —x' ydx 414 2

We notice that from the second expression (20) we obtain the
physical value}/” as a function of the coefficients of this
transformation:

4 dx1| x'y
—= =L @1)

T 4,0 [ 1 2
¢ dx |dx]’:0 1+x1)0,2

With the expression

LA (22)
¢ 1+x?

we obtain the transformation coefficient

Jl+x' 2= ;. (23)
V2
e
C

With this coefficient and the expression (21) for the other
coefficient of the transformation (19), for the intrinsic
coordinates of a distribution of matter (13), we obtain the
Lorentz transformation

dr+ L ay
dt = €
V2
= (24)
I ’
o =E Y g e, ar-ar.
v
1=—5
C

In the case of the general relativity, the matter dynamics is
described by a time-space interval ds of the form

2 v 14 2
ds® =g, dx"dx" =dx,dx" / ds”. (25)
By dividing the square of this interval by itself, we obtain the
fundamental relation of the relativistic dynamics of a
differential matter element,

g, X% =1, (26)

for its velocity in its proper time,

doc“

x4 = . 27)
ds

Since any covariant derivative of the metric tensor is null [15],

gyv:cr = 0 ’ (28)

from the covariant derivative of the fundamental relation (26)
we obtain the relation

g
xigx, =0,

(29)

which means that any covariant derivative of the velocity is

perpendicular to this velocity. On the other hand, we notice that

any acceleration A induced by an external (non-gravitational)
field, arises as an additional term to the geodesic equation of
the inertial-gravitational dynamics,

X457 =-TH 557 + 4" (30)

In this way, we find that as in a gravitational field a differential
matter element gets only an ordinary acceleration, the covariant
acceleration being null, in an external field it gets also a
covariant acceleration:
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A" = (1 4T E7) &7 = 2K 31)

From the scalar product of this expression with the velocity,
and the general equation (29), we find that the acceleration
induced by an external field is perpendicular to the velocity,
e g v
A"x, =x,x,x" =0 (32)
0

This means that matter moves in planes perpendicular to the
velocity, as in Fig. 2 of a particle in a central field.

Fig 2 Matter distribution in a central field, accelerating this matter in planes
perpendicular to the velocity.
In this case, that distribution function l//(x’ N ) of the density
13),

p(xi,t)zg‘t//(xi,t)‘z, (33)

with the normalization condition (14), can be considered as a
Fourier series expansion in space,

; 1 e )] 34
w(x't)=————[op(P.t)e" drdrdp,. (34
( ) (27Z'h)3/2'[ ( J ) | Rl A}
with a relativistic Lagrangian describing the dynamics of a
particle with the rest mass M,

Ly(x“,i) = —]\ﬁcz,/gaﬁfcafcﬂ : (35)

and the momentum

oL, (x“,)'c“)

.0

P=
cOx

(36)

From the reverse Fourier transform in the conjugated
momentum space

MBﬂZEiVﬂwvuylw““fﬁwuaa (37)
T

we obtain the group velocity as a Lagrange equation

oL, (x"’,)'c”’)

(39%)

We notice that the Fourier series expansions (34) and (37), with
the normalization condition (14) and the Lagrangian (35),
describe the dynamics of the whole distribution of matter (33)
only if

M=M,, (39)

we call quantization condition, while a distribution of extrinsic
matter (33) satisfying this condition is called quantum
particle. This means that a differential matter element of mass
dM cannot exist isolated in Universe, but only as part of a
quantum particle,which consists in a distribution of matter (33)
described by wave functions of the forms (34) and (37), with
the quantization condition (39).

Quantum Particle in Electromagnetic field

In the previous section we mainly considered a black quantum
particle characterized only by a rest mass M interacting only
with a gravitational field, as a time-space deformation,
described by the metric tensor g, . Here we consider a

quantum particle with an electric charge e ,described by the
wave functions

v (7,1) :quo(ﬁ,z)eh d’p o
i
T

By this charge, the particle interacts with an electromagnetic
field described by the vector potential ;l (7 ,t) conjugated to
the spatial coordinates, which is in agreement with the
Aharonov-Bohm effect [16], and the scalar potential U (17 )

conjugated to time,
L(F.7.0)dt =M | 2dt « eA(7,1)dF —eU (7)de. (4])

For a quantum particle much smaller than the field non-
uniformities, this expression can be linearized in the wave
function phase,

L(F,r*,t)z—Mocz 7 eA(F,t)F —eU (7). 42)
For the canonical momentum
ﬁ:iL(F,?,t):M°F+e2(F,t): P+ ed(Ft) 43)

)
& mechanical  electromagnetic

momentum . hentum.

composed of a mechanical momentum and an electromagnetic
momentum, we obtain the Lagrange equation as the group
velocity of the Fourier transform of the particle coordinate
wave function (40),
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—P=—= v,
dt dt orF

With the Lagrangian (42) and the momentum (43) of a
quantum particle in a time independent electric potential U (77 )

d dﬁit*ﬂzglﬁiﬂ. (44)

, under the action of an electromagnetic radiation with the time
dependent vector potential A (77 it ) ,we obtain the Hamiltonian

as a constant function we call the particle energy in electric
potential,

(45)

At the same time, in (43) we distinguish the mechanical
momentum

5o M7

=2
s
C

as the first term of the Hamiltonian (45) takes the form of a
function of this momentum,

Mic  MF B,
=t M =P+ M.

=P—cA(F,t), (46)

=>2 =2
v v
1- 2 1- 2
c c

(47)
With these expressions, we obtain the Hamiltonian (45) as a

function of the mechanical momentum p , or of the canonical

momentum P , and the coordinates 7° |

H(B.7 ) =M+ 77 +eU(F) =cMic +[ Ped(7,0) | +eu (7). (48)

At the same time, from (46) we obtain the mechanical force
acting on a quantum particle with the wave functions (40) and
the Lagrangian (42),

4 . o . (49
f;:EP—ediA(F,t):EP—egA(F,t)—e[F;%]A(F,t) “49)

From the group velocity of the second equation (40) with the
Lagrangian (42), we obtain the first term of this force,

d- 0 ,/.- Or=/. = 0 -
—P=;L(r,r,t)=e§[A(r,t)rJ—e§U(r)- (50)
We notice that from the vector formula

- 0o -, O e, =0 )=,
VX[EXA(;*,Z)}:g[rA(r,z)J—(rng(r,z) (51)

the first term of the expression (50) gets a form including the
last term of equation (49). In this way, with the electric and
magnetic fields,

- __i - _2~ -
E(r,t)— a’_;U(r) atA(r,t) 52)

B@ﬁ:%xaam

the mechanical force (49) takes the form of Lorentz’s force:
F, =eE(F,t)+eFx B(F,t). (53)

From equations (52), we obtain the Faraday-Maxwell law of
the of the electromagnetic induction, as a curl of the electric
field induced by a time variation of the magnetic field,

O E(ra)=-2B(7.1), (54)

and the Gauss-Maxwell law of the null divergence of the
magnetic field,

ié(m)zo. (55)
r
With the gouge condition

o -

—A(r,t)=0, 56
or ( ) 0

we obtain the Gauss-Maxwell law of the divergence of the
electric field

0 =/- o .
TE(V,f):—TZU(F), (57)
or or
with the charge density as a source of this field,

0 = 0’
r)=¢,—E(F,t)=—¢,—U(F).
(58)

For a uniform distribution of the electric charge,

o . 0| 0 =,.

—p(F)=¢,—| =E(F.t)|=0, (59)
or or | or

from the curl of the Faraday-Maxwell law (54) we obtain the
Laplacian of the electric field induced by a time variation of the
curl of magnetic field,

2
%E(?,t)—%%xé(?,t):o. (60)

On the other hand, we notice that an electromagnetic field,
interacting with a quantum particle wave packet (40), with the
cut-off velocity ¢, must propagate with the same velocity ¢
(Fig. 3), otherwise the particle and the field not interacting one
another during the whole evolution.
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Spectrum cut-off velocity ¢

—_—
/\pﬁ jj| = = Light velocity

Fig 3 Wave packet of a quantum particle with the cut-off velocity, interacting
with an electromagnetic field propagating with the same velocity, called ‘light
velocity’.

—\

In a material structure with a uniform mobile charge density O,
a field propagating with a velocity ¢, and a decay rate ¥ due to

the interaction of this field with the electric charge, is described
by a wave equation

o0 - 1|0 = 0 =
—E(r,t)——|—E(F,t)+y—E(7,t)|=0. (61)
G| S B S ()|

From (60) and (61), by eliminating the Laplacian of the electric
field and a time integration with an integration constant ]'D (17 )

, we obtain the Ampére-Maxwell law,

#LO%XE(;,:):goyﬁ(f,t)+gogﬁ(f,;)+ 7y (F)- (62)

depending on and the light velocity ¢ = . This equation

1
\EoHy

can be considered of the more specific form with a total field
variation in time,

(63)

including the component generated by a charge motion with the

velocity 7 induced by this field,

d = 0 = . 0
S EGF=LE(F <
LE(rn-2 (r,t)+(r a?j

E(F,t). (64)

For a charge velocity F induced by this field,

FxE(7,t)=0, (65)
we obtain the last term of (64),

. (66)

Lu(pb )] 7| LB |7 2 B0 -2 (7 250

as a function of the density p(l_; ,t). We define the electric

current density of the mobile charge with a mobility £ in the
considered material structure,

J.(7.t)=p(7.0)F = p(F.t) uE (F.t) = e,y E (1) (67)

which means a decay rate of the electromagnetic field
proportional to the mobility and the density of the electric
charge,

)7

y=—=p(7.1). (68)
o

With (64), (66), and (67), equation (63) takes the conventional

form of the Ampere-Maxwell law of the magnetic circuit, as a
curl of the magnetic field induced by an electric current

J(F0)=J,(F.0)+ j, (F) (69)
and a time variation of the electric field,

1 0 =, . - 0 =,
;ngB(r,t)=](r,t)+50§E(r,t). (70)

With (58), we find that this equation is in agreement with the
charge conservation,

0 - 0
—j(r,t)=——p(F,1). 71
alj:](r’t) atp(r’t) ( )

The total current (69) with the component jD (17 ) may include

the diffusion current, proportional to the gradient of the charge
density, not taken into account in the equations (60) and (61),
but reobtained as an integration constant.

We consider a unity vacuum impedance,

¢ =t/ 8 =1,

for the intensity of the magnetic field

& =M,=1/c, (72)

H(7,t)=B(F,t)/ u, (73)

as a function of the magnetic inductionB(l_;,t), and the

intensity of the electric field E (17 N ) . For a spherical geometry

[VEQF =[[|Ed’F =4;zr212*f:gi [ pd’F (74)

Ve x 0 74

suggestinga normalization of the charge and current densities
L and ] = pl;’ ,

p —> e, p (75)

j= p? - 47&90,0? =4r7, (76)

the Maxwell equations (54), (70), (55), and (57) with (58), take
the more symmetric form [15],

—ZL = _VxE, VH =0
C 8t (77)

la_E:VxFI—M]‘, VE =4zp.
c ot

In this representation of the Maxwell equations, the current

density j = pr / c has the same dimension unit as the charge

density 0, and the electric field £ the same dimension unit as
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the magnetic ﬁeld[j[ , as the Coulomb law for an electric

charge ¢ has the simpler formE =qr/ r.

Relativistic wave Equations

For the wave function of a quantum particle (40), we consider
the Lagrangian as a function of the Hamiltonian,

_ 1 - i F?—[P?—H(P,F)]t -
l//(V,t)ZWJ‘¢(P,I)eh{ }d3P7 (78)
as a solution of equation

L 0 =\ 5] -
—ﬂ‘za(y(l”,t)—[H(P,r)—Pr]ly(r,t). (79)
It is interesting that with the canonical momentum
]3=]3+eﬂ(7,t)=—ihi, (80)

or

the total derivative takes a form depending on this momentum,

d 0 -0 0 13-
—=—+F—=—+—PF. (81)
dd ot or ot h

With this expression, from (79) we obtain the relativistic
quantum dynamic equation for a quantum particle of a form
like the conventional Schrodinger equation,

Ld o = _ -
—lhal//(r,t)=H(P,r)ly(r,t), (82)

but with the total time derivative with changed sign instead of
the partial derivative, and with the relativistic Hamiltonian
(48) instead of the classical one as in the Dirac relativistic
equation. We consider Dirac’s Hamiltonian,

H(p,F)=cyyM;* + B +eU(F)=c(aMc+a,p, +a,p, + a;py ) +eU(F)> (83)

With Dirac’soperators

o, = .= ,a, = , 0=
0 -1 o 0 o, 0 o, 0

as functions of the Pauli spin operators,

DR R
10 i 0 0 -1

and the anti-commutation relations,

{a,.,aj}=25

ij°

{O'l.,O'j}=25

ij >

0,0,=16,0;. (86)

With these operators, and the mechanical momentum as a
function of the canonical momentum (80),

ﬁ=—ih%—eﬁ(?,t}, (87)

for the wave function four-vector of a quantum particle in
electromagnetic field,

@

l//:(l/ﬁj: (2% ’ (88)
v, ?;

Dy

from the dynamic equation (82) we obtain the explicitequations

[ (o .0 .0 .2) . SN
_1h[a+xa+y@+25}pl[r.t]:(Moc'+eU(r))(pl[r,l)

.. 0 - - [ .. 0 - - .. 0 - -
Jrc(—lh——eAY [r,tl)@ [r,t]—lc[—lh——eAv (7.1) o, [r,t]+c[flh—fez41 [r,t]J(pJ (7.t),
] ox o %

[(o .0, .0 .0) 2 (Y (3
_1h[5+xa+ya+25j%[r.t]:(Moc'+eU(r))(pz{r,t]

+c(—ih£—eA (m) (Fut)+ic] -inZ—ed, (7.1) (Ft]—c(—ihg—eA 'f-tij (7.1)
] o ARt eslrs o J(Fst) o (7, 5 L jelria),

[ (o .o .0 .08) . N (s
_1h[5+xa+ya+25j(p}[r.t]:(—M"cZ+eU(r))(p31r,t)

+~(—ih£— A [Ftl) (7,t)—ic —ihﬁ— A, (F,t) |, (F1)+ -(—ihg— A Ft]j (7,1)
7‘ Dxel’%’ ¢ ay"r{»%l’ c OzeZl’(/)"’

0 0 0

4h[§+ka+ya+z‘gj% (F.1)= (=M > +eU (F)) gy (F.1) (89)

7+c(—ih£—e/ll [7,[))(/1, [F.l]+ic[—ih%—mJ [F,I)J(pl (F,t]—c(—iﬁa%—e/l_, [F,t)}(p: (7.1).

Compared to Dirac’s similar equations, obtained from the
Schrodinger equation with Dirac’s relativistic Hamiltonian,
these equations include new terms depending on the particle
momentum and velocity, which come from the new dynamic
equation (82) including the total time derivative instead of the
partial derivative. At the same time, from the relativistic wave

function (78) for a particle with an energy E,
(90)

l//(F,t): 1 I(p(i)’t)e%[ﬁf—[ﬁf—y(ﬁ.f)]z}dzp:

_ ) %[ﬁﬂ[ffﬁf-];:-dli)
(27h)

w(i’,t e

1
we obtain the time independent equation
H(P.7 )y (7) = Ey (7). ©1)

similar to the conventional Schrodinger equation, but with the
relativistic Hamiltonian (83).With Dirac’s spin operators,

a=(a,a,,a,), (92)

and the mechanical momentum

p=(pp21s), (93)
this equation takes the form
[c(aMc+ap)+eU(F) |y (F.t)=Ey (F.t). ©4)
With the Pauli spin vector

6 =(0,,0,,0;), 95)

for the wave function (88) with two vector components, this
equation takes a form of two coupled two-dimensional
equations,

[ Myc* +eU (F) | v, (F)+c6 by, (F) = Ep, (F
[—M002 +eU(7)] v, (7)+copy, (F)=Ey, (17)

~—

(96)
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By eliminating the coupling terms, we obtain a non-linear
equation for the two-dimensional componentiy, (17 ) of the
wave function (88),
[E+Mc—eU(F) [ E-Mc*—eU (7) i, (F)=*(68) v (7)>  OT)

and the
component i/, (77 ) With the mechanical momentum (93), and

same equation for the other two-dimensional

the Pauli spin vector (95) with the commutation relations (86),
we obtain the coefficient of the right-hand side of this equation,

(6[9)2 =(o,p,+0,p, +c73p3)2 =p*+iG(pxp). (98)

With the mechanical momentum (87), for the second term of
this equation we obtain

99)

(pxp)w :[(—ihV—eﬁ[F,t))x(—ihV—e;l[?.t))]l// :ihe(VxA7+A7xv)u/
= ihe[ Vx(dy)+ dx(Vy) | =ine] (Vxd)y +(Vw)xd+ dx(Vy)]

= ihe(Vx 2)1/1 =iehBy .

Thus, the coefficient (98) takes a form depending on the

magnetic field and the spin vector,
N2 - =

(6p) =p*—ehGB. (100)

With this coefficient, the dynamic equation (97) takes a form

[21%\;—;7\5]% (F):|:2]Vicz +%_2Mic2 U(F)}[E—Mucz —eU(7) Jw (%) (101

depending on the spin magnetic moment,

~ he . e . ~

y7 ZZMOO-:VOS:gSS’ (102)

proportional to the spin angular momentum

S = l o, (103)
2

with a coefficient called giro-magnetic ratio

g, =elM,. (104)

We notice that for the classical case of a small velocity,

E~M 002, and of a sufficiently weak electromagnetic field,
eU(f) << M002 , e‘;l‘ << |[3|, equation (101) reduces to a

the classical Schrodinger equation with spin interaction,

)
P__ i B+eU(7) |y, (F)=Ew, (F), (105)
2M,
with the classical energy
E =E-My*. (106)

On the other hand, with the mechanical momentum operator
(87), which for a sufficiently weak magnetic field is
. .. 0
p=—1h—

; 107
or (1on

we find that the relativistic dynamic equation (101) includes

only an orbital angular momentum / j of the particle in the

electric potential U (17 ), which satisfies the commutation

relations

I:pi’lj] =110y py .

as an additional term to the spin angular momentum in the total
angular momentum

(108)

J=I+5. (109)

We consider the condition of commutation of a component j,

with the particle Hamiltonian

H(p,F)=c(aMc+a,p,+a,p,+a,p,) . (110)
[H,j5]=[H,l+s,]=0. (111)
From the equality of the two terms
[H,Ag]:c([al,%]p,+[a2,s3]p2+[a3,s3]p3+[a4,s3]Moc) (112)

_[H’ls]:c(_a1 [p|’13]_az [pzvls]_as [p3,l3])=ihc(a1p2 _azpl)’

with the commutation relations (108), we obtain equations for
the considered spin component,

[a.5,] =—iha,, [ay.s]=iha;, [ay,s5]=[a,.s]=0. (113)
With the anti-commutation/normalization relations (86),
o =-aa,, o =a,’ =1, (114)

we obtain the considered component of the spin angular
momentum (103),

h h(0 o )0 o, h( o0, 0 n(oy 0)- (115)
s, =—i—aa, =-i— =-i— ==
2 2\o, 0)\lo, O 200 o0, 2(0 o

This means that just in the relativistic case, but for a
sufficiently weak magnetic field, the total angular momentum
has the simple form (109), as the sum of the orbital angular
momentum with the proper angular momentum (the spin) of
the extrinsic matter of a quantum particle. Otherwise, a
significant additional angular momentum arise due to the

magnetic field, from the vector potential 2 (77 ,t ) in the kinetic
tem of equation (101) with the momentum (87).

Quantum Particle in Gravitational field and black hole

field, the

0 1.2 .3 . .
(x =ct,x , X ,X ) gets a curvature. We consider a time

In a gravitational physical hyper surface

constant gravitational field (null space-time metric elements,
time independent metric elements), and determine the metric
tensorina  reference system of spherical coordinates

(ct, r,0, (0) , from Einstein’s law of gravitation of a null Ricci

tensor,

R, =T% -T°

p e B e _
» wa T, =10, 15, =0. (116)
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In this case, for the metric tensor elements one can consider a
form dependingon two functions (r) andv (r) [15],

2u(r 20(r
goo:e()’ gllz_e()’ gzzz—r2, 83

-2 2 _ .
gm:e u(r)’ g“=—e »(r)’ gzz:_rz’ g33=—r251n29.

=—rsin’ @

117)

From the diagonal matrix elements of equation (116), we
obtain the system of equations:

R00=|:—u”(r)—u'2(r)+u'(r v -2 u r):'e (118)
Rll=u”(r)+u'2(r)—u’(r)v( ) 2r” v(r) 0

R, = 71+[l+ru’(r)frv’(r)]efzv(") =0

R, =sin’0R,, =0.

From the first two equations, we obtain equation
u'(r)+v'(r):0, (119)
with a solution

u(r)+v(r):0. (120)

With these two equations, from the third equation (118) we
obtain the differential equations

) = [rezu(r)] =1

[1 +2ru’ (r)] e

(121)
[1—2rv :le :[ _zv(r)] =1,
with the solutions
u() _y_2m
’ (122)

2! (1—2—”1) ,
r

depending on an integration constant m . For the determination
of the two functions u (r) and v(r) we used only a

combination (119) of the first two equations (118), and the
third equation (118). It is interesting that the derivative of the
first equation (121),

[rez"(rq = Z[I’u

is in agreement with the second equation (118) with the relation
(119),

ru"(r) +2ru” (r) - 2u'(r)
R, = =0,
r
which means that (122) is a solution of the whole system of

equations (118). In this way, the matrix elements (117) take the

+2ru +2u ]62"' =0, (123)

(124)

form of the Schwarzschild solution of the metric tensor for a
constant gravitational field in spherical coordinates,
(125)

2 2 ) P
8w =1- = &n [17 mj , Gn=-T", gu=-rsin’ 0
r r

1
(1 _27mj , g" [1 _27mj g2=—r7, g¥=—r7sin?é,
r r

which means a time-space interval in a central gravitational
field of the form

-1
ds? (1—2’"}2(1:2—(1—2—”’) dr? —?d6” — 1 sin® 0dg*- (120)
r r

For a quantum particle in gravitational field, we consider wave
functions of the form (34) and (37) with a Lagrangian of the
form (35), with a time-space diagonalization of the metric
tensor,

()=o)l aarar
_ ﬁ To(Bu) =T g (127)
o(P.t)= (27[;)3/2jv/(x’,z)e_;w'“)dx‘dxzdx-’
e T
and the momentum (36),
P = CZ]);j = —%Mocgijfci (128)

With this expression and the fundamental relation (26), we
obtain the group velocity of a quantum particle wave packet
(127),

d 6(—M0021lg00 +gl/)'c’)'c]) i

d—x = ] =
—
d a(—EMgcgnx’) \/goo + 8N X

With this velocity, we define the Hamiltonian of the quantum
particle

(129)

=cx’

H=cPi’ —L(xf,xf,t). (130)
With the definition (128) of the momentum and the group
velocity of the second wave packet (127) for the time
derivative of this momentum, from the differential of the
Hamiltonian (130),

oH oH oH

dH =—dP, + —dx/ +—dt¢
a[)/ J a J at
. . (131)
:cfc’dP.+cP.d)'c-/—8—L_dx oL dx/_a_Ld
J J axj ax a
L T oL
= cx'dP, +cPdi’ - cPdx’ —cP,dx’ —a—dt

we obtain the Hamilton equations

33312 |Page



International Journal of Recent Scientific Research Vol. 10, Issue, 06(1), pp. 33304-33319, June, 2019

dx’ _OH
dt  oP,

P, oH

= (132)
dt ox’

oH oL
ot ot

With these equations, for a conservative system,

OL

—=0, (133)
ot

we obtain the Hamiltonian conservation,

4 pr(p o) CHAE OO oH o o H (134)

dt CoP dt o dt P Y o oP,

with an eigenvalue equal to the energy of the quantum particle,

H(P,x')=E. (135)

If we consider an atom emitting light in a central gravitational
field, from (126) we obtain the frequency of this light as a
function of its distance 7 from the gravitational center,

1 _ /_r_oi
At r As’

and the constant

(136)

ry=2m. (137)

For a decreasing 7, the frequency (136) describes a redshift of
the electromagnetic radiation — at the boundary of a black hole,

7 =1,, no light is emitted. For a better description of a black

hole, we reconsider the geodesic equation for the general
relativistic case,

dx” =-T“ dv” dx_v (138)
ds’ “ds ds

of a radial motion,

dxr*  dx’

—=—=0. (139)
ds ds

With a diagonal metric tensor, we obtain the geodesic
equations

d’x’ =_T° ﬁﬁ,ro Eﬁ:,zg"or ﬁoﬁ
ds? Mds ds " ds ds " ds ds (]40)
A dy! dx® d! dg,, dx°
= 7g00 (goo,l + 8010 7&’01,0)3@ = 7g00g0m Kg = *gOOTzOK
a2 | A dy! e ; A dy!
2 - ta,— 1077:_2g 101 7
ds ds ds ds ds ds ds
dx® dx' dx® dx! dg,, dx'
=_g“(g10.1+gn.o_glo.l)gaz_g“gn.ogg=_g“ﬁa

which, with the relations

(141)

take an integrable form
d’x"  dgy &’ _
ds’ ds ds
2 d’x' N dg,, dx' _
"ds*  ds ds
for the velocities
o _ dx’
ds

0

oo
(142)

0

s
o

v , %

(143)

With the integration constants ko and kl , we obtain

0
v =k

goo1 0 (144)

g =k.

From the first equation with the Schwarzschild solution (125),
we obtain the velocity

V) = k% ,
="
r

(145)

as a function of the integration constant ko- We notice that,

with the fundamental equation (26) and the Schwarzschild
solution (125), we can eliminate the other integration constant

02 12
k gV t&v =1
1

(146)
88 =1L
With (144), the first equation (146) becomes
k' +ky' =1, (147)

as by multiplication with g, , with the second equation (146)
and (125), it is of the form
2m

02 12
kK —v =1-——.
r

(148)

We obtain the velocity V' of an approaching particle, as a
function of the same integration constant X, ,
12
2m
1 2
v =—(k0 +—-1] (149)
r
as the time velocity of this particle is
dr ' ¥ am N7, 2
S = by L Y R))
dr dx v k, r r
According to this theory, for a particle approaching a black
hole from the outside,» >2m, its velocity decreases,
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becoming null at the boundary of this black hole — this particle
never enters the black hole. On the other hand, for a particle
approaching the boundary of a black hole from the inside,
7 <2m, its velocity also decreases — a particle never exits
from the black hole. In other words, according to (150), a
particle moving in the proper system of a black hole seems to
infinitely delay at the boundary of this black hole. However,
this reasoning is not exactly true for the quantum dynamics,
where a differential element of matter is not lonely approaching
the boundary of a black hole, but always as a part of the matter
distribution of a quantum particle, as it is described by the
wave functions (127), the other differential elements perturbing
the gravitational field considered in this theory. More than that,
the case of a single particle approaching the boundary of a
black hole is not a realistic one. A large number of quantum
particles significantly perturb the gravitational field, making
the boundary of black hole penetrable from the outside and
from the inside — absorption and evaporation processes of a
black hole are always present. From the geodesic equation of a
particle with a trajectory as a function of a parameter 7 ,

d’x* dx® dx”
— =T ——, (151)
dr dr dr
with the velocitiescx®,cx”, we obtain the particle
acceleration
d*x’ { e

—=—'T %%, (152)
dr

which, with the Christoffel symbol as a function of the metric
tensor elements, is

d*x’ 1, .,
=——c
ds? 28

This expression takes a simpler form for a small velocity

ca -
(g},a,ﬂ + 8150 _gaﬂ,ﬂ,)x X

(153)

compared to the light velocity, X' << x°, x* =1,

d’x’ 1, .

7 —L¢&
dt 2
which, for a diagonal metric tensor and a constant gravitational
field is

d’x’ _ 1c2giig
> 2 o
It is interesting that this assumption is also reasonable at the
boundary of a black hole, where, according to (150), the
velocity is null, a quantum particle penetrating this boundary
only due to some perturbations of the gravitational field
induced by this particle, or by other quantum particles, always
present in the realistic cases. With the Schwarzschild metric
element (125), of the form

(glo,o + 800 _goo,/l)a (154)

(155)

8o =142V, (156)
as a function of the Newtonian potential
m
V=——, (157)
r

from (155) we obtain the particle accelerations

d’x' — o =gl m
dr’ g g r);

(158)

With Schwarzschild matrix elements (125), these accelerations
take a form

2 2
%:_(1_2_’”j mc :_(1_ ZGMJgﬂ

r)or cr r

d’e (159)
—=0

de

dp

a7
depending onthe constant of gravitation
G=6.67259x10" Kg'm’s”and the mass M

generating the gravitational potential. For

2GM

2
C

r>>1=2m= =2x7.4243x107° M m,

equations (159) describe the dynamics of a quantum particle in
a Newtonian potential

M
UO(F)Z_GT.

(160)

At the same time, we find that for a black hole, with a
sufficiently strong gravitational field for confining the mass

M in a sphere with the radius

ry <rt,=2m, (161)

the attraction acceleration (159) for » > ¥, ,for » < 7, turns out
into a repulsion one, as for ¥ = 7 it is null. We notice that for
our planet with the mass5.9722x10* Kgwhich leads to
1, =0.0089m, with the radius 7,, = 6378 mat equator, and

1y = 6357 mat a pole, the condition (161) is far from being

satisfied.

Quantum Particle in a Gravitational wave and the Graviton
spin

We consider a quantum particle described by the wave
functions

v(¥e)= (2;;1)—3/2 [o(p.i)el” * Mapapar (162)
o(Ps1)= W]v/ (1) 7 Mg
T
with the Lagrangian
L(x,5)=—M,c* g, %% . (163)

under the action of a gravitational wave described by the
d’Alembert equation,
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g‘”gww =0, (164)

as, with a time-space diagonalization of the metric tensor,

8= 0, the canonical momentum is

oL ¥
P=——=-=Mygx".
cox’ 2 '
From the time derivative of this momentum as a group velocity
of the wave packet (162), with the fundamental relation (26),

(165)

. 1 ;o1 ;  OL
—P =cP =——M) g, 3% =M, g 5 =—
a0 T T T e Bt Y T M B T (166)
ca-f
XX" g, 1 a .
=M ==L - M, g,, i,
and the geodesic equation
s I
—x" =" =T X", (167)
ds
we obtain the dynamic equation
ik i sasf _ - f
guX X — gl px"x" =g, x"x". (168)
With the second kind Christoffel symbol,
" w1 i1 , (169
[y =8"T = 8" 7(gwﬁ T 8upa *gaﬁ-w): g 7(gia»/f T 8ipa 7gaﬂ-1) ( )

2 2

we obtain a dynamic equation depending only on the
derivatives of the metric tensor,

i 1 -
gk X" _E(g./a,ﬁ t8&ipa +gaﬂ,f)x ¥=0. (70

By a diagonalization of the time dependent component of the
metric tensor,

8i0=0, (171)
from the dynamic equation (170) we obtain

1 viok 1 .0.-0 1 (172)
_E<_gji,k + & +gik,j)xx :EgOO,jx X :Eg()(),j'

Since the gravitational waves are generally generated by heavy
cosmic objects, in these equations we considered a small

velocity, =1 , as the geodesic equation (167) takes the form

XM= -THx'% —Tpx’x" = —T4x'% T . (173)

At the same time, in equation (172) we distinguish the first
kind Christioffel symbol,

(174)

By multiplying equation (174) with X/, with the geodesic
equation (173) and the time-space diagonalization of the metric
tensor, we obtain the acceleration of a quantum particle in a
gravitational field,

i . . a1 1 .
_gukr;fx Wit = xkgﬂk (xy +Ff)‘0) =" (xk _Egoo,kj = EgOO,jx] (175)

of the form of a gradient of the metric element g, which, in

this way, appears as a gravitational potential,

X, = oo » (176)
Or
it :gk/gOO,j' 77)

As a solution of the gravitational wave equation (164), we
consider a metric tensor of the second order in coordinates,

I x*x",

gpcr =upcr uv (178)

proportional to an amplitude tensor % and a polarization

po
tensor / v which, according to the equation of propagation

(164), satisfies the normalization condition

I''=0. (179)

With the solution (178) for the metric tensor in a gravitational
wave, the dynamic equation (177) is

X =g lix". (180)
For a gravitational field oscillating in the direction x' ,
=1, Il =-1, 2=£=0, I+l'+2+=0, (181

the dynamic equation (180) takes the form of harmonic
oscillation:

¥ =—ux' (182)

With the metric elements for a weak gravitational field,

go=1, g,=-1, gn=-1, g;=-1, (183)

from (181) we obtain the polarization elements

Lo :gool(?zla lllzglllllzl’ Ly =g22122=0r L =g33l;=0:(184)

as the whole dynamics of the metric tensor & pais described by
the coordinate dependence (178) and the amplitude tensor.
Since / Wx” x"in (178) is a scalar, the amplitude tensor is

proportional to the metric tensor:

— Pe _ PO
upo' _ugpo' > u _ug s (185)

where u is the ‘total’, or the ‘scalar’ amplitude. This
amplitude can be considered as a function of the amplitude

matrix elements,

g u” =u; =ug, g” =ug;. (186)
By the contraction of the indexes ¢ and £, we obtain

“o_ —
u, =ug, =4u. (187)

On the other hand, from (185) with (183) we obtain
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Uy = UGy = U, (188)
as the dynamic equation (182) takes the form
¥ =—ux' (189)

On the other hand, we notice that the gravitational wave
equation (164) has a solution of the first order in coordinates,

_ H
8po = Uyl X", (190)

we consider with a normalization condition similar to (179),

I'l,=0. (191)

With this solution, the dynamic equation (177) with (188)
becomes

i =ul®, (192)

which means an acceleration of the quantum particle under the
action of the gravitational wave. By multiplying equation (186)

with the polarization vector IU, we obtain equations for the

amplitude matrix elements as functions of the total amplitude,

Lu?=1u. (193)

o u U

With the metric elements for a weak gravitational wave

goo -1, gll _ gzz _ g33 -1, (194)

propagating in the directionX”, we obtain the polarization
vectors

=1, [ =1,=0, [,=-1
0 1 =56 3 (195)
=1, I'=*=0, I’=1,

which satisfy the normalization equations (191), as the metric
dynamics is described by the amplitudes. With these vectors
and the metric elements (194), equations (193) take the form

”(()) - ”3 =g00”00 - g33u30 =Ugy FUy =U
w —u; = g"uy, — g% uy, =y, +uy, =0 (196)
”2 _”3 = goouoz _g33”32 =y, Ty, =0

u;) _u33 = gooum —g33u33 =Ugy T Uy = U

From the first and the last equations, with (187) and the metric
elements (194), we obtain

00 1 2 3 > (197

Ugy —Uyy =2u :%“fll 2%(5’ Uy +8 Uy +8 Uptyg ’“33):%(@7“n Ty 7&) )
which yields

wy, F iy, =—(ugy —ttyy) = —2u, (198)
and

2utgy = —(ugy + 3. (199)

With these equations, the transform equation

uaﬁ — gaﬂgﬂ"uﬂv — gaagﬁﬁuaﬂ , (200)

and the second and the third equations (196), we calculate the
invariant

o 01)
1, =uu™ =2u 0
2 1 2
=1y i, iy, Jru_u2 —2uy’ ~ 2u01272umz +2u," + 211‘32 +2u,, 75(%0 7u33)
1 1 2
=y iy, + 2w, g+ umlfi(uml + u”l)fumu33 75(1100 71133)
[
2 2 > 1 2 2 2
=yt by + 2y = | (y — )+ () |+ 2
2— X —

where we distinguish a term describing a proper dynamics,

1

2
I, = E(”n _”22) +2”122: (202)

and a term 21 , describing the action of the gravitational wave
on the quantum particle,
I, =1,+2u’. (203)

The invariant (202) describes a rotation of the amplitude tensor

u,,. Fora description of this rotation, we define the operator

R of the rotation of a vector A=(A1,A2) with an angle

v
—Z ina plane(x, y) (Fig. 4),

RA'= 4’
5 . (204)
RA"=-4".
We obtain the eigenvalue equation
R*A' =-4", (205)
with the eigenvalue
R=+i. (206)
4y
A2 \
A
A* X,
A' '
RA
.y

Fig 4 Rotation with of'a vector ina plane.

We define similar, symmetric expressions for the rotation of a
tensor,
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1
Ruy, =u;, =u,, =E(u12 +“21)

1

Ru,, = —u, =-u,, = —5(1/[12 + u21) (207)
1
Ru,, = Ru,, = E(”n Uy )
From the first two equations, we obtain
R(u11 +u22) =0
(208)

R(ull _uzz) =2u,,.

By applying the operator R to the second equation, with the
third equation (207), we obtain

R*(u;, —uy ) =2Ruy, =uy —u,, . (209)
Thus, for the definition (207) of this operator R we reobtain
the eigenvalue (206). We notice that, by a rotation R , the first
term of the proper dynamics invariant (202), with the second
equation (208), takes the form of the second term of this
invariant,

1 1

EI:R(MU —Up )]2 = 5(2”12 )2 = 2”122 :

At the same time, the second term of the proper dynamics
invariant (202), with the last equation (207), takes the form of
the first term of this invariant,

1 |
2(Ru]2)2=2[5(u22—u”)} o IR e

This means that, by rotation, the terms of the invariant (202)

(210)

transform one another. We consider the rotation operator R*
with an angle O of a vector A (77) ,

R 4% (F) = 4" (F + 56 7

= A7 (F) 4 ST (F)

or
PP R
= A" (F)+oa-Fx—A"(F) (212)
or
= A" (F)+isaS4" (7)
— 6155&14# (}7)’
as a function of the angular momentum operator,
S =—iFx—. (213)
or
This operator is of the form
R — %0 214)

From the rotation of a vector with an angle 7, which is
equivalent to an inversion,

R A" (F)=€"" 4" (F)=—A4"(F), (215)
we obtain the angular momentum eigenvalue we call spin,
S =1. With this eigenvalue, from the invariance of a scalar
with a rotation operator (214),

Scalar =u,, (x,y) 4 (x,y)B" (x,y) = [R"'&u‘”, (x,y)][R"&A" (x,y)][R"E B’ (x,y)] (2 1 6)
= [e’g""';uw (x,_v)} [E’WA“ (x,y)}[e‘mB" (x,y)}
= [e’i""';um, (x, )/)J[e”i”A” (x, Vv)][e'””B" (x, y)] s
we obtain the rotation operator of a tensor,
R&;MW (x,y) _ eii,a‘duw (x,y) _ efzii(s&uw (x,y) _ efzi(sauw (x,y) R (217)
which means a tensor angular momentum eigenvalue S, = -2,

we call the ‘graviton spin’. In other words, the amplitude tensor
u,, (x, y) describes a rotation of any intrinsic matter element

as a component of a quantum particle (162), we call ‘graviton’,
with the dynamic invariant (202). As we have shown above, the
matrix elements of this tensor change such that, at any rotation

with an angle 7 / 2, a term of this invariant takes the form of
the other term. This means that for this rotation, with the spin

2, any term of the invariant . takes two times the same value

in a complete rotation @ = 27 . It is interesting to consider the
rotation operator of a particle wave function,

Ré.dy/(?):1//(?+5&><F):y/(f)+5&xf;%1//(?)
r

(218)
0
=y (F)+6a -Fx—wy(7),
w (F)+da rxafl//(r)
is
which is
R, =", (219)
If we consider a two-particle state
Vi, (771”72):<7717772|i15i2>a (220)
with an inversion operator / ,
<’727’71|i15i2>:[<’71a’72|i1ai2>» (221)
by applying two times this operator,
- . . - . . 2 /> > |. .
<r1,r2 |zl,12> = I<r2,r1 |zl,12> =1 <r1,r2 |zl,12>, (222)
we obtain the eigenvalues
X [, =-1 for Fermions
1" =1 (223)
I,= 1  for Bosons.

Taking into account that a particle interchange can be
considered as a particle double rotation with an angle 7 (Fig.
5),
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(224)

we obtain the relation between the inversion eigenvalue and
spin, conventionally called ‘the spin-statistics relation’,

SRURD P o] =, = (225)

I] T T 1
2
L=RVRY =e"™ =1 =8,=1

,... for Fermions

3
I :eIZIrS 2 2
2,... for Bosons.

>

Compared to the rotation operator (214) describing the proper
dynamics of the intrinsic matter as a component of a quantum
particle, the rotation operator (219) describes the proper
dynamics of the extrinsic matter of this particle. For the
extrinsicmatter distribution of a quantum particle we define the
flux

J" = px", (2206)
satisfying the conservation condition of a null covariant
divergence,

JE = JEATE I =g +TA T =0,

Vi

(227)
We consider the second kind Christoffel symbol

w1
2

with the index contraction O = f/. By taking into account the

1"‘//10_ = gMF/WO' = g (g/lv,a + g/lo‘,v _gav,l) ’ (228)

symmetry of the metric tensor, for the Christoffel symbol in
equation (227) we obtain the expression

1 1
r(/lﬂ = §g=M(giv,y + oy ~ 8uva ) = Egﬂ&gim,v
(229)
1,1 (V_g )

=

as a function of the determinant g of the metric tensor. With

-1 g'g,=1(-8) (8), =

this expression, the conservation condition of a null covariant
divergence (227) takes the form of a null ordinary divergence,

Jﬂ:# V=8 :(Jﬂ‘\/_g),y =0,
for which we can apply the Gauss integral formula. Thus, from
the integral

J‘(J”\/;)# d’x=0,

Vv

(230)

31)

over the space coordinates, by separating the time derivative
from the spatial derivatives, we obtain the conservation
formula

[J.JO\/%d}x] =—[(vJFg) dx=-[flsJ-gd’x,, m=123"
v v " z,

0

(232)

For the classical case of a low velocity always considered in
the proper system of a quantum particle,

i"<<l: g=-1, J'=pi"~p, J"=px", this
formula takes the form of the conventional equation of
conservation,

Ipd3f =—Djj 7.
v ,0 Zy

Thus, a quantum particle appears as a distribution of
conservative extrinsic matter, we call ‘quantum matter’ with a

(233)

proper rotation with spin 5 for Fermions and spin 1 for

Bosons, and with a component of intrinsic coordinates of the
Universe, we call graviton, with the spin 2 .

Summary

We found that the conventional Schrodinger equation is
contradictory to the basic Hamilton equations and to the
principle of the energy conservation. A correct quantum
dynamical equation has been obtainedonly when the
Hamiltonian has been replaced by the Lagrangian — in this
case, the Hamilton equations are obtained as group velocities of
the wave packets describing the particle dynamics. With a
relativistic Lagrangian, the relativistic principle of invariance
of the time-space interval takes the form of a relativistic
quantum principle of invariance of the time dependent phase of
a quantum particle wave function. According to the general
theory of relativity, we found that any acceleration in an
external (non-gravitational) field is perpendicular to the
velocity. In this case, the dynamics of the matter density is
describable by a Fourier series expansion in waves
perpendicular to the velocity, which, for a quantum particle, is
normalized to the mass of the Lagrangian in the phases of these
waves — QUANTUM MECHANICS. We considered black
quantum particles with Lagrangians proportional to the particle
masses, and visible quantum particles with additional
Lagrangian terms proportional to the electric charges. For the
interaction with an electromagnetic field, described by a vector
potential conjugated to the coordinates and a scalar potential
conjugated to time, we obtained Lorentz’s force for the
electromagnetic fields defined by these potentials, and the
Maxwell equations for these fields. From the Lagrangian as a
function of the Hamiltonian and the momentum-velocity
product, we obtained a relativistic Schrodinger-type equation
which, in the explicit form, yields Schrodinger-Dirac type
equations with new terms depending on velocity and
momentum. For an energy eigenvalue, we obtained a non-
linear relativistic equation with spin interaction. In the non-
relativistic case, of asmall velocity and electric potential, this
equation reduces the conventional Schrodinger equation with
the spin interaction. For a quantum particle in a central
gravitational field, we derived the Schwarzschild solution for

33318 |Page



International Journal of Recent Scientific Research Vol. 10, Issue, 06(1), pp. 33304-33319, June, 2019

the metric tensor in the time dependent phase of the wave
function of this particle. We obtained the velocity of a matter
element which decreases when this element approaches the
boundary of a black hole, tending to the null value while
reaching this boundary. Thus, the boundary of a black hole
cannot be passed neither from the outside, nor from the inside.
However, by taking into account that any matter element is
only a part of a quantum particle, asit is joint to the other parts
of this particle and, in the realistic cases, to many other
quantum particles, perturbing the gravitational field, we found
that the boundary of a black hole is not totally unpassable:
absorption and evaporation processes arise. With the
Schwarzschild metric elements, from the geodesic equations
we obtained the particle acceleration in a gravitational field.
Compared to the Newtonian acceleration, we obtained a
correction term which, for a black hole, takes the null value at
the boundary of this black hole. For the metric tensor in a
gravitational wave we considered two possible solutions: 1) a
second order solution, proportional to an amplitude tensor and
a polarization tensor, and 2) a first-order solution, proportional
to an amplitude tensor and a polarization vector. From the
second-order solution, we obtained an oscillation of the particle
in a gravitational wave, while from the first-order solution we
obtained a particle acceleration induced by a gravitational
wave. From the normalization condition of the polarization
vector, we obtained an invariant of the amplitude tensor
including the particle acceleration and a proper dynamics of
this particle. From the invariance of a scalar as a product of the
amplitude tensor with two vectors with spin 1, for the intrinsic
matter element as a component of a quantum particle, we call
‘graviton’, we obtained a rotation operator with the spin 2. At
the same time, from the equivalence of a double rotation of a
two particle wave function with the inversion of these particles,
we found a rotation operator with a half integer spin for
Fermions and an integer spin for Bosons. Essentially, we found
that a quantum particle is a distribution of a quantized quantity
of extrinsic matter with a mass, an integer or a half-integer
spin, possible charges, and a rotation of its intrinsic component,
in the time-space coordinates, we call graviton, with a spin 2.
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