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INTRODUCTION

For a graph G, the F-index or forgotten topological index is
defined as the sum of cubes of the vertex degrees of the graph

and it is denoted by F(G). That is, F(G) = Zd G (v)® where
vel (G)

dG(V) denotes the degree of the vertices v in G. It can be
easily shown that the above definition is equivalent to F(G) =

Z[dG (u)* + d; ()’ ] This index was introduced in 1972,
uveE(G)
in the same paper where the first and second Zagreb indices
were introduced to study the structure dependency of total
electron in [10]. This index was reintroduced by Furtula B and
Gutman I recently in 2015 [8]. After that, so many authors
studied about this index.

De et al. gave some basic properties of this index and showed
that this index can enhance the physico-chemical applicability
of Zagreb index and found the F-index of different chemically
interesting molecular graphs and nanostructures in [15].
Basavanagouder al. computed the first Zagreb index, coindex
and forgotten index of certain d-transformation graphs in [5].
Cheet al. gave some lower and upper bounds of the forgotten
index in terms of graphs irregularity, Zagreb indices, graph
size, and maximum and minimum vertex degree in [21].
Akhteret al. determined the formulas for the F-index of four
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operation on graphs in [3]. Gaoetr al. gave the forgotten
topological index of several widely used chemical structures
which often appear in drug molecular graphs in [9]. Ghobadi et
al. investigated first Zagreb index, F-index and F-coindex of
the line graph of some chemical graphs using the subdivision
conceptin [11].

Jerlineet al. gave the first and the second Zagreb indices of the
generalized Mycielskian of a graph G, and the complements of

My (G), in terms of the order and size of the Graph G and

obtained exact expressions for the first and the second Zagreb
indices of the generalized Mycielskian of some graph
operations in [1]. De et al. gave the Narumi-Katayama index of
some derived graphs such as a Mycielski graph, subdivision
graphs, double graph, extended double cover graph, thorn
graph, subdivision vertex join and edge join graphs in [16].
Bindusree et al. obtained the First Zagreb index, First Zagreb
Eccentricity index, Eccentric connectivity indices and
polynomials and connective eccentricity index for the
complement of Mycielski graphs in [7].

Mabhdi et al. found the Gutman index of Mycielskian of graphs.
They determined exact value of the Gutman index of the
complement of arbitrary Mycielskian graphs in [14]. Behtoeiet
al. determined the degree distance of the complement of
arbitrary Mycielskian graphs and also determined this graphical
invariant for the Mycielskian of graphs with diameter two in
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[6]. Konchet al. determined the NK values of two derived
graphs namely Mycielskigraph and thorn graph in [13].

In this work, we compute the F-index of Generalized
Mycielskian of graphs and product graphs.

Preliminaries

We begin this section with some basic definitions. Let G be a
simple undirected graph with n vertices and m edges. The
complement of the graph G, denoted by G, is the graph with the
same vertices set as G, where any two distinct vertices are
adjacent if and only if they are not adjacent in G. The degree of
a vertex v of G is the number of edges adjacent to v and it is

denoted by dG(V)'

Let G; = (V1,E;) and G, = (V,, E;) be two simple graphs.
The unionG; U G,is the simple graph with V =V, UV, and
E = E; U E, is called the union of G; and G,. When G; and G,
are vertex disjoint, Gy U G,is denoted by G + G, and it is
called the join of the graphs G; and G,.The tensor product
G; X G,is the simple graph withV (G, X G,) =V; XV, as its
vertex set and two vertices (uy, v;) and (u,, v,) are adjacent in
G, X G,if and only if, u,is adjacent to u, in G, and v, is
adjacent to wv,inG,.Clearly,|V(G; X G,)| = [V(G)I||V (G| =
mnyand |E(G; X Gy)| = 2|E(G)I|E(G,)| = 2mym,. The
Cartesian product G,0 G,is the simple graph with V (G, X
G,) =V, x V,as its vertex set and two vertices (uq,v;)and
(u,,v,) are adjacent in G,0O G,if and only if, either u; = u,
and v; is adjacent tov,in G, or u,; is adjacent to u, in
Gyandv; = v,. Clearly [|V(GioG,)| =|V(G)IIV(G,)| =
nyn,and |E(G1G,)| = |V(G1)|E(Gz)| + |V(Gz)||E(G1)| =
nym, + n,m,. The lexicographic product G{[G,] of two
graphs G, and G, is the simple graph with V(G,[G,]) = V; X
V, as its vertex set and two vertices (uq,v;) and (u,, v,) are
adjacent in G;[G,] if and only if, either u, is adjacent to u, in
G, or u; =u, and v; is adjacent to v, inG,. Clearly
[V(G.[GDI = [V(GDIIV(G)| =nn, and  |E(G[G]] =
[EGDIIV(G)I* + [EGIV(Gy)]| = myn5 + myn,. The
corona product G, o G,of twographs G,and G, is defined to
be the graph obtained by taking one copy of G; and
[V (Gy)|copies of G, and then joining the i™ copy of G,,
i=12,..,V(G)|. Clearly |V(G;°G,)|=n;(1+n,)and
|E(G, © G)| = my + nym, + nyn,. The disjunction G,V
G,of two graphs withV (G, V G,) =V, XV, as its vertex set
and two vertices (uy, v;) and (u,, v,) are adjacent in G, V G, if
and only if, either u, is adjacent to u, in G, or v, is adjacent to
v, inG,. Clearly |V(G,V G,)| = [V(GDIIV(G,)| = nyn, and
[E(Gy V G| = |E(GDIIV(G)I* + [EGIV(G)I* —
2|E(GDIIE(G)| = myn3 + mynf — 2mym,,.

Let G be a simple connected graph with n vertices and m

edges. Let the n vertices of the given graph G be vy, v,,..., v,.

For a graph G = (V,E), the generalized Mycielskian, denoted

by ux(G), of G is the graph whose vertex set is the disjoint
k

union VU U Vi|u{u}, where Vi={x':x €V} is an
i=1

independent set, 1 <i<k, and edge set E (,uk(G)) =

EUE [y xhxyt s xy € EY) U {x*u: x* € V¥},  where

x®=2x and y° =y. By the definition of the generalized
Mycielskian of G, we have the following observations.
|V(uk(G))| =k+Dn+1
|E(ue(®)]| = @k + )m +n

o If u®v® € E(G), then u®v® ulv™, u*1v € E(u(G))for

0<ism-1

o dyoy(W) =2d;(v);0<i<k-1

o dy W) =d;) +1 forallv e V(G)

o dyW =n
For other notations in graph theory, please refer to [4].

Lemma 2.1[2] If G is a r-regular graph, then M, (G) = nr?
Lemma 2.2IfG is a r-regular graph, then F(G) = nr3

Lemma 2.3 [17] If G is a simple connected graph with n
vertices and m edges then

F(u(6)) = (8k + DF(G) + 3M,(G) + 6m + n(n® + 1)

Lemma 2.4 [18] If G is a simple connected graph with n
vertices and m edges, then

F(G)=n(n-1)2-6mn—1)2%+3n—- 1M, (G) — F(G)

Lemma 2.5 IfG is a simply connected graph with n vertices
and m edges then

M (G) = M;(G) + (n— 1D)[n(n — 1) — 4m].
F-index of Generalized Mycielskian Graph

In this section, we compute F-index of Generalized
Mycielskian of graph complement and complement of
Mycielskian graph.

Theorem 3.1 :IfG is a simple connected graph with n vertices
and m edges. Then

F(u(6)) = 8k + Dn(n—1)3
—3(n—1)?[2m(8k + 1) —n]
—F(G)Bk+1)

+3M,(G)[8kn — 8k + n]
—3(n—1)[4m —n] —6m +n(n? +1)

Proof Letii = |V(G)| = nand 7@ = |E(G)| = "("2‘“ -

F(ur(G)) = (8k + DF(G) + 3M,(G) +

By lemma 2.3,
6m + n(n? + 1)
By lemma 2.4 and lemma 2.5.
F(#k(G))
=8k + D[nn-1)3-6mn —1)>?
+3(n—1)M,(G) — F(G)]
nn-—1)
+3[M1(G) +(n—-Dnn-1) - 4m]] +6 [T — m]
+nn?+1)
= B8k + Dn(n—1)%3—(n—-1%6m(8k + 1) —3n)
—F(G)(Bk+1)
+M,(G)[3(n —1)(8k + 1) + 3]
—12mn—-1)+3n(n—1) —6m
+nn?+1)
=@Bk+ Dnn—-1)°%-m-1?*6mMm(8k + 1) — 3n)
—F(G)Bk+1)
+3M,(G)[(n — 1Bk + 1) + 1]
—(m-1[12m -3n]—-6m+nn?+1)
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= Bk+1Dnn-1)°%-3n-1)?[2m(Bk+1) —n]
—F(G)Bk+1)
+3M,(G)[8kn — 8k + n] —3(n—1)[4m — n] — 6m
+n(n?+1)
Corollary 3.2 If G is a r-regular graph then,

F(u(®)) = n[3r2[8kn — 8k + n]
+(n-13rBk+1)+1]—-7r3Bk+1)
—3(n—-1D[2r +1]
—3r+n?+1]
Proof: Since G is r-regular, by the lemma 2.1,2.2 and by
theorem 3.1

F(u(G)) = 3nr2[8kn — 8k + n] + (8k + L)n(n — 1)°
—(n—-1)? [6%(8k +1)— 3n] —nr3

8k+1)—(n—1) [12%— 3n] — 6= +n(n? +1)
= n[3r?[8kn — 8k + n]
+(n-13rBk+1)+1]—-7r3Bk+1)
—3(n—-1D[2r +1]
—3r+n?+1]
Theorem 3.3 IfG is a connected simple graph with n vertices
and m edges. Then

F(u(®)) = My (G)(12k*n + 15kn + 3n — 3)
+ (8k + DF(G) + n[(k + 1)*n®

+ (k + 1)3n?
—6(k + 1)?n(2mk + m —n) + 12m(k + 1) + 3kn? + 3n]
—6m—n(n?—1)

Proof Let n" =|V(u(G)|=(k+1n+1land m* =
|E(uk(6))| =QR2k+1)m+n.
By the lemma 2.3 & 2.4
F(m(®) =n"(n* — 1) — 6m"(n* — 1)?
+3(n" = DM, (1 (6)) — F (1 (@)
=[k+Dn+1][k+Dn+1-1]3
—6[(2k + 1)m + n]
= [k+Dn+1-1]?
+3[(k+1)+1—1][(4k + 1DM,(G) + 4m
+n(n+1)]
—[(8k + DF(G) + 3M;(G) + 6m + n(n? + 1)]
= M,(G)[12k?*n + 3kn + 12kn + 3n — 3]
— (8k + 1)F(G) — 6m
—nm?+ D) nfk+ 1)*
n3+ (k+1)3%n? — (k + 1)°n(12nk + 6m — 6n)
+4m(3k + 3) + 3kn? + 3n]
= M,(G)(12k?*n + 15kn + 3n — 3)
+ (8k + DF(G) + n[(k + 1)*n®
+ (k + 1)3n?
—6(k + 1)>n(2mk + m —n) + 12m(k + 1) + 3kn?
+3n] — 6m —n(n? — 1)
Corollary 3.4.If G is a r-regular graph then,

F(u(®)) = n[3r2(4k*n + 15kn — n — 3) — (8k + 1)r3
—[3n?(k + 1)?(2k + 1)
+6n(k + 1) + 3] + (k + 1)*n3 + (k + 1)3n?
+(6(k+1)?+3k—1Dn?+3n—1]

Proof SinceG is a r-regular, by the lemma 2.1,2.2 and by the
theorem 3.3,

F(u(6)) = nr?[12k?*n + 15kn + 3n — 3]
- [(Sk + Dnrd + 6% +nn® + 1)]
+n[(k + 1)*n3
+(k + 1)%n% — (k + 1)2n(12%k + 6%— 6n)

nr
+ 47(3k + 3) + 3k?n + 3n]

=n[3r?(4k’>n+ 15kn—n —3) — (8k + 1)r3
—[Bn?(k + 1)2Rk+ 1) + 6n(k + 1) + 3]
+k+D*n3+ (k+1)3n2+ (6(k+1)?+3k—1n%*+3n
—-1]
F-Index of Generalized Mycielskian of Graph Operations

Lemma4.1: [15] Let G; and G, be graphs. The F-index of
union of G;and G, is given by
F(Gl V) Gz) = F(Gl) + F(Gz).

Lemma 4.2: Let G; and G, be graphs. The first Zagreb index
of union of G;and G,is given by

M, (G, U Gy) = M;(Gy) + M;(Gy).

Lemma4.3: [15] Let G, andG, be graphs. The F-index of
tensor product of G;and G, is given by

F(Gy X G;) = F(G1)F (G).

Lemma 4.4: [19] Let G, and G, be graphs. The first Zagreb
index of tensorproduct of G;and G,is given by

M, (Gy X Gy) = M1 (G )M, (Gy).

Lemma 4.5: [15] Let G; and G, be graphs. The F-index of
Cartesian product of G,and G,isgiven by

F(G; Gp) =nyF(Gy) +nyF(Gy) + 6myM,(Gy)
+6m, M, (G,).

Lemma 4.6: [12] Let G, and G, be graphs. The first Zagreb
index of Cartesian product of G;and G,is given by

M;(G,0G,) = nyM,(G,) + n,M,;(G;) + 8mym,.

Lemma 4.7: [15] Let G; and G, be graphs. The F-index of
Lexicographicproduct of Gyand G,is given by
F(G,[G,]) = n3F (Gy) + nyF(G,) + 6nzm,M;(G,)
+ 6n,m;M;(G,).

Lemma 4.8: [12] Let G, and G, be graphs. The first Zagreb
index of Lexicographic product of G;and G,is

given byM, (G,[G,]) = n3M,(Gy) + nyM;(G,) + 8nymym,.

Lemma 4.9: [15] Let G; and G, be graphs. The F-index of
corona product of G;and G,is given by

F(Gy 0 Gy) = F(Gy) + nyF(Gy) + 3n,M;(Gy) + 3n, M, (G>)
+ 6n2m, + 6n;m, + n;n,(n3 + 1).

Lemma 4.10: [20] Let G, and G, be graphs. The first Zagreb
index of coronaproduct of G;and G,is given

byM, (G, © G3) = M1(Gy) + nyM;(G2) + 4(nymy + nymy,) +
nyny(ny + 1).

Lemma 4.11: [15] Let G; and G, be graphs. The F-index of
disjunction product of Gyand G,is given by
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F(G, V Gy) = n3F(Gy) + niF(G,) — F(G)F(Gy)
+ 6nnimy M, (G,) + 6nin,m; M, (G,)
+3n,F (G1)M1(G2) + 30, F(G,)M,(Gy)
— 6n3m,F(G,) — 6n2m,F(G,)
—6n11, M (G1)M1(G).
Lemma 4.12: [12] Let G, and G, be graphs. The first Zagreb
index of disjunction product of G;and G, is given by

M, (G, V G;) = ny(nyn, — 4my) My (Gy)
+ ny(nyn, — 4my )M, (G,) + M1 (G)M,(G)
+ nyn,myms,.

Lemma 4.13: [15] Let G; and G, be graphs. The F-index of
join of Giand G,is given by

F(G, + G,) = F(Gy) + F(G,) + 3n,M,(G,) + 3n,M,(G,) +
6nsm, + 6nim, + nynj + nynj.

Lemma 4.14: [12] Let G, and G, be graphs.The first Zagreb
index of join of Gyand G,is given by

M;(G; + G;) = M;(Gy) + M;(G,) +nyny[ng +ny] +
4n,m, + dnym,.

Theorem 4.15: Let G, = (V,E;) and G, = (V,, E,) be two
simple connected graphs such that |V (G;)| = ny,|V(G,)| = n,
, |E(Gy)| = my and|E (G,)| = m,. Then
F(ue(Gy U Gy)) = F(u(G1)) + F (1 (G)) + 3nyny(ny +
n,).
Proof: Clearly n=|V(G;UG,)| =n,; +n,and m=
|E(G; U G,)| = my + m,. By lemma 2.3, 4.1 and 4.2
F(u (G U Gy)) = (8k + 1)F (G, U G,) + 3M; (G, U Gy)
+6(my +my) + (ng +ny)((ng +1ny)?
+1)
= (8k + 1)(F(Gy) + F(G)) + 3(M,(Gy) + My(G,)) + 6m,
+6m, + +(n, +ny)
(n? +n3+2nn, + 1)
= (8k + 1)F(Gy) + (8k + 1)F(G,) + 3M,(G,) + 3M,(G,)
+ 6m; + 6m, +n
+nyn3 + 2n?n, + n; +n?n, +n3 + 2nné +n,
= (8k + 1)F(G,) + 3M,(G,) + 6m; +nd +n,
+ (8k + 1)F(G,) + 3M,(G,) + 6m,
+n3 + n, + 3n?n, + 3n,n3
= (8k + 1)F(G,) + 3M,(G,) + 6m; + ny(n? + 1)
+ (8k + 1F(Gy,) + 3M,(G,)
+6m, + ny,(nZ + 1) + 3n,n,(n; + ny)
= F(u(G) + F (i (Gy)) + 3nyny(ng +nyp)

Theorem 4.16: Let G; = (V3,E;) and G, = (V,, E,) be two
simple connected graphs such that |V (G;)| = n,|V(G,)| = n,
5 |E(Gl)| = mland |E(Gz)| = mz. Then
F(Ilk(G1 X Gz)) = (8k + 1)F(G1)F (G3) + 3M,(G)M,(G>)
+ 12mym, + nyn,(n?n? + 1).
Proof: Clearly n = |V(G; X G,)| = nyn,and
|E(Gy X G,)| = 2mym,. By lemma 2.3,4.3 and 4.4
F(u(Gy X Gy)) = (8k + 1)F(Gy X Gy) + 3M; (G X G,)
+6(2mym,) + (nyny)((nyny)* + 1)
= 8k + 1)(F(G)F(Gy)) + 3(M(G)M,(Gy)) + 12mym,
+nn,(n?ni + 1)
Theorem 4.17: Let G; = (V3,E;) and G, = (V,, E,) be two
simple connected graphs. Then

m=

F(u(G10G,)) = (8k + 1)nyF(Gy) + (8k + 1ny F(G,)
+ [(8k + 1)6m, + 3n,|M,(G,)
+[(Bk + 1)6m,
+3n,] + M;(G,) + 24mym, + 6(n;m, + n,m,)
+ nyn,(n#né + 1).
Proof: Clearly n = |V(G,0G,)| = nyn,and
m = |E(G;0G,)| = nym, + n,m,. By lemma 2.3, 4.5 and 4.6
F(u(G10Gy)) = (8k + 1)F(G10G,) + 3M,(G,0G,)
+ 6(nym, + nym;) + nyny(nin + 1)
= (8k + 1){n,F(G,) + n,F(G,) + 6m,M,(G,)
+ 6myM;(G;)}
+3{n,M,(G;,) + n,M,(G,) + 8m;m,} + 6(n;m, + nym,)
+nyny,(n¥ni + 1)
= (8k + 1)n,F(G,) + (8k + 1)n, F(G,)
+ [(8k + 1)6m, + 3n,1M,(G,)
+[(8k + 1)6m, + 3n,|M,(G,) + 24m;m,
+ 6(nymy + nymy) + yny(n2n + 1)

Theorem 4.18 Let Gl = (Vl’ El) al’ld GZ = (Vz, Ez) be two
simple connected graphs. Then

F(uy (G1[G2]) = (8k + 1)n‘z*F(G1) + (8k + 1)n, F(G,)
+ [(8k + 1)6n3m, + 3n31M;(G;)
+[(8k + 1)6n,m,; + 3n,]M;(G,) + 24n,m;m,
+ 6(m;n% + myn,) + nyn,(n?ni + 1)
ProofClearly n = |V(G,[G,])| = nyn,and
m = |E(G,[G,])| = myn3 + myn,. By lemma 2.3, 4.7 and 4.8
F (i (G1[G2]) = 8k + DF(G4[G,]) + 3M,(G,[G,])
+ 6(mn3 + myn,) + nyn,(n?n3 + 1)
= (8k + D{niF(G,) + n,F(G,) + 6nim,M,(G;)
+ 6n,m;M; (G,)} + 3{n3M,(G,)
+n,M,(G,) + 8n,m;m,} + 6(mn3 + myn,) + nyn,(n?n3
+1
= (8k + Dn3F(Gy) + (8k + Dn F(G,)
+ [(8k + 1)6n3m, + 3n31M;(G;)
+[(8k + 1)6n,m,; + 3n,|M,(G,) + 24n,m;m,
+ 6(m;n% + myn,) + nyn,(nini + 1).

Theorem 4.19: Let Gl = (Vl’ El) al’ld GZ = (Vz, Ez) be two
simple connected graphs. Then

F(ui(Gy 0 Gy)) = (8k + 1)F(Gy) + ny(8k + 1F(G,)
+ [(8k + Dn, + 1]3M,(G,) + [(8k + 1)
+1]
3n,M,(G,) + 6(8k + 1)n3m,
+ 242k + Dnym, + (8k + )nyn3
+ (8k + 11)nyn,
+12n,m; + 6m; + n;(3n3 + 1) + n3[1 + 2n, + 3n3 + n,].

Proof Clearly n = |V (G, G,)| =n,(1+ n,)and m=
|E(G; © G3)| = my +nym, + nyn,. By lemma 2.3, 4.9 and
4.10
F(u(Gy © Gp)) = (8k + 1F(Gy © G) + 3My(G; © Gp)
+ 6[m,; + nym, + nyn,] + [ny(1 + ny,)]
(1 +ny)? +1]
= (8k + D[F(Gy) +n,F(Gy) + 3n,M,(Gy) + 3n,M,(G,)
+ 6n3m, + 6n,m,
+nyn,(n3 + D] + 3{M(G,) + n M, (G;) + 4(nymy +nymy)
+nyny(n, + 1)}
+6[m; + nym, + nyn,] + [n; (1 + n)[n2(1 + ny)? + 1]
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= 8k + 1)F(Gy) + ny(8k + 1)F(G,)
+ [(8k + Dn, + 1]3M,(G,)
+[(8k + 1) + 1]13n,M,(G,) + S;
whereS; = 6(8k + 1)n3m, + 6(8k + 1)n;m, +
8k + Dnyny(n3 + 1) + 12(nym; + nymy,)
+3n,n,(n, + 1) + 6[my + nym, + nyn,|
+ [y + nyny][nE (1 + ny)? + 1]
= 6(8k + 1)n3m, + 6(8k + 1)n;m, + (8k + Dnyn3
+ (8k + V)nyn, + 12n,m,
+12n,m, + 3n,n% + 3n;n, + 6m; + 6n;m, + 6n;n,
+ [ny + nyny]
[n2(1 + 2n, +n3) + 1]
= 6(8k + 1)n3m, + 6(8k + 1)n;m, + (8k + Dn n3
+ (8k + 10)n,n, + 12n,m,
+12n,m, + 3n,n3 + 6m, + 6n;m,
+ [ng + nyn,][n? + 2n,n? + n?n3 + 1]
= 6(8k + 1)nim, + 242k + 1)n;m, + (8k + Vn,n3
+ (8k + 10)nyn, + 12n,m,
+3n,n3 + 6my + nd + nin, + 2nin, + 2nin3 + nin}
+n3nd +n; +nyn,
= 6(8k + 1)nim, + 242k + 1)n;m, + (8k + Vn,n3
+ Bk +11)nyn, + 12n,m,
+3n,n3 + 6m, +nd + nin, + 2ndn, + 2n3n3 + ninZ
+n3nd +n,
= 6(8k + 1)n3m, + 242k + Dn;m, + (8k + 1)n;n3
+ (8k + 11)nyn, + 12n,m,
+6m; +n,(3n3 + 1) + n3[1 + 3n, + 3n3]
F(ui(Gy © Gy)) = (8k + 1)F(Gy) + ny(8k + 1)F(G,)
+ [(8k + Dy + 1]3M, (G,) + [(8k + 1)
+1]
3n,M,(G,) + 6(8k + 1)n3m,
+ 242k + D)nym, + (8k + 1)n n3
+ (8k + 11)nyn,
+12n,my + 6m; + n;(3n3 + 1) + n3[1 + 2n, + 3n3 + n,]

Theorem4.20 LetG, = (V},E;) and G, = (V,,E;) be two
simple connected graphs. Then

F(#k(G1 \% Gz)) = (8k + 1)(n5 — 6m,)n5F(G;)

+ (8k + 1)(n? — 6m)n?F(G,)

— 8k + DF(GF(G)

+(2nyn3m, + n;n — 4n,m,)(8k + 1)3M,(G,)
+ (2nyn?m, + nyn?
— 4n,m,)(8k + 1)3M,(G,)
+(8k + 1)31,F (G)M; (Gy) + (8k + 1)3n,F(G,)M, (Gy)
— (8k + 1)6nyn, My (G1)M;(G,)
+3n,n,m;m, + 6(mn3 + myn? — 2m;m,)
+nyn,(n#n3 + 1).

Proof Clearly n=|V(G,V G,)|=n,n,and m=
|E(Gy V G,)| = mn3 + myn? — 2mym,. By lemma 2.3, 4.11
and 4.12
F(ue(Gy V Gy)) = (8k + 1DF (G, V Gy) + 3M; (G, V G,)

+ 6(myn3 + myn? — 2mym,) + nyn,(n?n3

+1)

= (8k + 1)[n3F (Gy) + ntF(G,) — F(G)F(G,)
+ 6n,n3m,M,;(G,) + 6n?n,m; M, (G,)
+3n,F (G)M,(G,) + 3n,F (G)M;(G,) — 6n5m,F(G,)
— 6nfm F(G,)
—6n,n,M;(G1)M1(G,)] + 3{nz(nyn, — 4my)M,(G,)
+ ny(nyn, — 4my )M, (G,)

+M;(G)M;(G2) + nynymymy,}
+ 6(myn% + myn? — 2m;m,)
+ +nyn,(n?n3 + 1)
= (8k + DndF(G,) + (8k + DntF(G,) — (8k
+ 1)F(G)F(G,) + (8k + 1)6n;nim,
M, (G,) + (8k + 1)6nin,m M;(G,)
+ (8K + 1)3n,F(G,)M,(G,) + (8k + 1)
31, F(G,)M,(Gy) — (8k + 1)6n2m,F(G,) — (8k
+ 1)6n?m F(G,) — (8k + 1)6nn,
M, (G)M,(Gy) + 3nynsM, (G,) — 12n,m, M, (G,)
+3nin, M, (G,) — 12n,m; M, (G,)
+3M;(G)M,(G) + 3n,nym;m, + 6m;n% + 6m,n?
—12mym, + n3nd + nyn,
= (8k + 1)(nj — 6m,)n3F(G,)
+ (8k + 1)(n? — 6m,)n?F(G,)
— 8k + DF(GF(G,)
+(2n,n3m, + nyn3 — 4n,m,)(8k + 1)3M,(G,)
+ (2nynim, + nyn?
— 4nym,)(8k + 1)3M, (G,)
+(8k + 1)3n,F (G)M, (Gy) + (8k + 1)3n, F(G)M, (Gy)
— (8k + 1)6nynyM; (G1)M(G2)
+3n,n,mym, + 6(mné + myni — 2m;m,)
+nyn,(nfng + 1).

Theorem 4.21 Let Gl = (Vl’ El) al’ld GZ = (Vz, Ez) be two
simple connected graphs. Then

F(u(Gy + Gy)) = (8k + 1)F(Gy) + (8k + 1)F(G,)
+ (3n, + 3)M,(G,) + (3n; + 3)M;(G,)
+ 6{(8k + 1)n3m, + (8k + )nim,
+ nin, + nn3 + 2myn, + 2myn, + my
+m,
+nyn,} + (8k + Dnyn3 + (8k + Dn3n, + nd +n3
+n,+n,
Proof Clearlyn = |V (G; + G,)| = ny; + njyand =
|E(Gy + G,)| = my + m, + nyn, . By lemma 2.3, 4.13 and
4.14
Fue(Gy + G)) = (8k + DI[F(Gy) + F(G,) + 3n,M; (Gy)
+ 3n,M,(G,) + 6n3m, + 6n?m, + nyn3
+n,nd] + 3{M(G,) + M (G) + nyny[ny + n,] + 4nym,y
+ 4n,m,}
+6{m; + my, + nyn,} + (n; + ny)[(ny + ny)% + 1]
= (8k + DF(Gy) + (8k + DF(Gy) + (31, + 3)M, (G1)
+ (3ny + 3)M;(Gy) + S,
where S, = (8k + 1)6nZm, + (8k + 1)6nim, +
(8k + D)nyn3 + (8k + Dn3n, + 3nny(ng +ny)
+12myn, + 12m,n, + 6m, + 6m, + 6nn,
+ (ny + ny)[nd +n3 + 2nyn, + 1]
= (8k + 1)6n3m, + (8k + 1)6n?m, + (8k + 1)nyn3
+ (8k + Dn3n, + 3nin, + 3nynj
+12myn, + 12m,n, + 6m, + 6m, + 6n,n, + nd + n?n,
+nyn3 +n3 + 2n?n,
+2nyn3 +ny +n,
= (8k + 1)6n3m, + (8k + 1)6nim, + (8k + n,;n3
+ (8k + 1)n3n, + 6nin, + 6n,n}
+12myn, + 12m,n, + 6m, + 6m, + 6n;n, + nd +n3 +n,
+n,
= 6{(8k + 1)nim, + (8k + 1)n?m, + nin, + n,n}
+2mn, + 2myny + my + m, +
nny} + (8k + Dnynd + 8k + Dndn, + nd +n3 + ny +n,
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F(u(Gy + Gy)) = (8k + DF(Gy) + (8k + 1F(G,)

+ (3n, + 3)M,(Gy) + (3ny + 3)M,(G)
+ 6{(8k + 1)nZm, + (8k + 1)n?m,
+n?n, + nn + 2myn, + 2myn; + my

+m,
+nymn,} + 8k + Dnyn3 + (8k + n3n, + nd +nd
+n; +n,
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