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Acharya.B.D. and Hedge.S.M. was introduced the concept of arithmetic labeling and many research
articles have published in this topic. In this paper, we have proved that the Kronecker product of
P,® P, and P;®S) are arithmetic graphs. Also we established a general formula to label the
vertices and edges of the graph G.
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INTRODUCTION

In 1989 Acharya.B.D. and Hedge.S.M. Introduced a new
version of sequential graph known as arithmetic graph and is
defined as follows: Let G be a graph with q edges, a and d are
the positive integers, the labeling f of G is said to be (a, d) —
arithmetic if the vertices are labeled by distinct nonnegative
integers and the edge labels are induced by f(x) + f(y)for each
edges xy are in the form ofa,a +d,a + 24, ...,

a+(q—1)d. A graph is called arithmetic if it is an(a,d) -
arithmetic for some a and d.

Definition

A graph G is an ordered pair (V(G), E(G)) consisting of a non
empty set V(G) of vertices and a set E(G), disjoint from
V(G)of edges, together with an incidence function y,. that
associates with each edge of G is an unordered pair of vertices
of G.

Definition

Walk is an alternating sequence of vertices and edges starting
and ending with vertices. A walk in which all the vertices are
distinct is called a path.

*Corresponding author: Stephen John. B

Definition

A Star Sy is the complete bipartite graph K, ,. A tree with one
internal node and k leaves (but, no internal nodes and k+1
leaves when k < 1). Alternatively some authors define Sy to be
the tree of order k with maximum diameter 2; in which case a
star of k>2 has k-1 leaves.

Definition

IfGjand G, are two graphs with vertex sets V; and V,
respectively then their product graph is a graph denoted by G
&G, with it’s vertex set as V;x V, where (u;,v;) is adjacent
with (u,,v,) if and only if ujue E; and v,v, €E, is called the
kronecker product of graphs.

Definition

A labeling or valuation of a graph G is an assignment f of
labels to the vertices of G that induces for each edge xy a label
depending on the vertex labels f(x) and f(y).

Definition

A graph is said to be arithmetic if it’s vertices can be assigned
distinct non negative integers in such a way that the value of
the edges are obtained as sum of the values assigned in an
arithmetic progression.
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Theorem

Let the graph G be the Kronecker product of P, and P, that is
P, ® P, Where m,n > 0 is an (a,d) - arithmetic graph.

Proof

Let G = P, ® P, Where m,n > 0. Then the graph is given in
(Figure:1) as below.
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Let V be the vertex set of G and is denoted by
Define f:V (G)—>N. Now we are giving the label to the vertices
of G as below.

If both ‘i’ and ‘j’are odd
f(i) =4[3 (i - (=24 1)) +(m-DG-D]+1

Wherel <i <m Voddm(or) 1 <i<m—1 Veven m;
1<j<nvoddn(or)l1 <j<n-—1btevenn

If ‘i’ is even and °j’ is odd

f(vis)=4[3 (i ~(t+ 1)) +(m—1)( - D] +3
Where2 <i<m-—1Voddm(or)2 < i < m Vevenm;
1<j<nvoddn(or)1<j <n-—1Vevenn........... 2)
If ‘i’ is odd and j’ is even
fwj))=20+D)+4(G—-2)(m—Dwherel <i <
mVYoddm(or)1 <i<m-—1 Veven m;

2<j<n-1Vvoddn(or)2 <j< n tevenn .......... 3)
If both ‘i’ and °j’ are even

fy) =20-1) + 40— 2)(m—1Dwhere2 <i <
m—1Voddm (or) 2<i<m V evenm; 2<j<n-1 V odd n
(or)2<j<nVevenn.

The edge labels induced by f (uv) = f (u) + f (v)are as
follows:

If r,¢t odd and £,/ even
frve) = 4m(t+1-3)-2Q2t+ 2l—k)

r—1
+12 (r—<T+1)>+11

Where1 < r < m voddm(or)l < r < m—1Vveven m;

n Voddn(or) 1 < j < n—1Vevenn;
-1Voddm(or)2 < k <m Vevenm;
<l <n—-1Voddn;
< | < n Vevenn.

If r, I are odd and ¢, k are even
f(rvi)=4m(t +1-3)=2(2t + 2l-1)

vz k= (541))+ 1

Wherel < r <m Vodd m (or) 1 <r <m-—1V even

m;

2 <t< (n— 1)l7’oddn(or)2 <t < n Vevenn;
2<k<m-1Vvoddm(or)2 < k < m bevenm;
1<l <nvoddn(or)l <1 <n-—1Vrevenn.......... (6)

Clearly the edges are labeled as f(E(G)) ={a,a+d,a+
2d,...,a+ (q — 1)d}

Therefore, f is an arithmetic labeling.
G = P,® P,isan

(a, d) — arithmetic graph.

Hence the graph

Example
Consider the graph G = Pg&P;.
Here, m = 8; n=7 and q = 84
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The vertex labels are given below.
Equation (1) =f(v;;) = 4 [3 (i - (% + 1)) +
(m—1)G -]+ 1

foralloddiandjwhere 1 <i <m- 1 for all even m;

1 <j<nforalloddn.

wheni = 1,3, 5, 7,'j: 1, 3, 5, 7 :,5(\)1’1): I,f(V-g']) :13,'f(V5'1)
:25,"](‘(\/7’1) = 37,

SOi3) =57 (vs3) =69 f(vs3) =81 f(vr3) =93, f(vis)=
113;f(vss) =125;

Sss) =137 f(vys) =149 f(vi;) =169; f(vs7) =181 ; f
(V5'7): ]93 N

f(V7'7) :205

Equaton ~ (2)  =f(vy)= 43 (i —(5+ 1)) + (m-—
DG-0]+3
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for all eveniand odd j where 2 < i < mforalleven m;
1 <j < nforalloddn.

Wheni=24,68 /=135 7=f(vs 1) =3, (vs1)=15F
(V(;’]) = 27 N

Svs1) =39 f(v23)=59 f(vas) =71, f(vs3) =83, f(vss)
=95;
Fvas) = 115:f(vy5) = 127, f (vgs) = 139 fvgs) = 151:f(v7)
=171: f (vs7) = 183; [ (vs7)=195; fivy,) = 207.

Equation (3)=f(v;;) = 2(+1) + 4G —2) (m—1) for
all odd i and even j

Where 1<i<m-—1forall
1 for all oddn

Wheni = 1,3,5,7; j=2,4,6 =f(vi2)=4f(vss) =8 flvsy) = 12;
Sv72) =16;

Jv1,9)=60;f(vs )= 64,
Jv1,9)=116,1(v3,6)=120;
Jvse) = 124; f(v7,6)=128.
Equation @) :f(vi_]-) =2(—-1D)+ 4G -2)(m -
1) forall eveniand j

where 2 <i <m Vevenm; 2 < j <n —1 Voddn.
Wheni =2,4,6,8 ; j=2,4,6 = f(v22)= 2;f(v42)= 6, f(vs2)= 10;
Svs)=14; Jv2)=58,f(vs)= 62, f(vsy)= 66, [(vs4)=70;
Sz =114:f(v,)=118;
fvsa) =122; fivye) = 126.

The edge labels are given below.

Equation (5) = f(Ur,th,z) =4m (t+1-3)—-2Qt+2l—
r—1

k) +12 (r— (=2+ 1))11

for all odd r,t and even k,lwhere 1 < r <m — 1for all

even m;2 < j <n-—

Jvs )= 68,f(v74)= 72;

even m;
1<t <nforalloddn; 2 < k < mforall evenm;
2<l<n-1foralloddn

When r= 1,3,5,7 ; t= 1,357, k= 24,68, I= 246 =f{(v;,;
v22) =3, f(v3,1v22)=15;

S50 va2)= 19; f(vsive)= 31 f(vsi v62)=35:/(v71 ve)= 47;

Jvr1vs2)=51;

Jvi13V22) =59,f(v33v2)=T71; f(v33v42)=75; f(vs3v42)=871(vs3
Vﬁyg)zgl,'

Jv73 v62)= 103, f(v73 vs)=107,f(v15 vay )J=115; f(v33 V24 =
127,'f(\/3’3 V4’4):]3],'

Jvss vag= 143; f(vs3 vs)=147; f(v73 V6 =159:f(v73 vs4)=
163,’f(V1y5 V2)4):] 71,

Jvss va)=183;f(vss vay)= 187, flvss vad= 1997 f(vss
v6)=203,f(v7s ves )=215; Jvis vsy)= 219; fvis
V.60 =227,1(v3,5V2,6)=239; f(v35V46)= 243; f(vss5 vae)= 255;

JOss ves )= 259, f(vrs veg)= 271 f(vr5 v =275V vae) =
283; f(vs7 v2,6)=295;  f(v37 vae)=299:f(vs 7 vie)= 311; f(vs;
Ve.e)= 315; f(v7,7vs6)=327,f(v7,7vs6) =331

Equation(6)=f (v,;vy;) = 4m (t + 1 —3) —2 2t + 21 —
r)+12<k—(§+ 1))+17

where 1 < r <m —1 for all even
(n—1) forall oddn;

2 <k <mforallevenm; 1 <l <n forall oddn.
Whenr = 1,3,5,7; t=2,4,6 ; k=2,4,6,8 ; I=1,3,5,7=f (v;,v2,)=
7 Jvs2va )=11: 0 f(v32v4)=23,f(vs 2 v1)= 27; f(vs2vs1)=39;

Jv72v6)=43,f(v72v51)=55;

m2<tc<

J12v2,3)=63; f(v32 Va3 )=67f(v32 ve3)= 79; f(vs2 ve3)= 83;
J(vs2v63)=95;

J0v72v63)=99; f(v72vs3)= 111, f(v14v23)= 119,f(v3 4v23)= 123;
Jv3ava3)=135;  f(vsy va3)=139f(vs 4 vs3) =151, f(vs4vs3 )=
155; f(V7,4 V8,3):167,f(v1,4 V2,5):1 75; f(V3,4 V2,5):1 79; f(V3,4 Vs
)=1911(vs 4v45)=195; f(vs 4vs5)=207; f(v74vss)= 211;

S04 ves )=223; f(vis v235)=231; f(vss v25)=235,f(vs6 ves)=
247; f(vss vas)=251; Js.6 v65)=263,f(v75 vs5)=267; f(vss
V&5): 279, f(ng V2’7):287,f(\/3’5 V2,7):291,' f(vm V4,7): 303,
Jvss va)=307f(vss vs; )= 319, flvis ver)= 323, f(vis
vs7)=335;

In this graph a=3 and d=7-3=4

The edge labels are in the arithmetic progression

a=3,a+d=7,a+2d
=]1,a+3d=15a+4d=19,a+5d=23,a+6d=27,
a+7d=31,a+8d=35,a+9d=39,a+10d=43,a+11d=47,
a+12d=51,a+13d=55,a+14d=59,a+15d=63,
a+16d=67,a+17d=71,a+18d=75,a+19d=79,a+20d=83,a+21
d=87,a+22d=91,

a+23d=95, a+24d=99, a+25d=103,a+26d=107,a+27d=111,
at28d=115,a+29d=119,a+30d=123,a+31d=127,
at32d=131,a+33d=135,a+34d=139,a+35d=143,
at36d=147,a+37d=151,a+38d=155,a+39d=159,
a+40d=163,
at41d=167,a+42d=171,a+43d=175,a+44d=179,a+45d=183,
a+46d=187,
a+47d=191,a+48d=195,a+49d=199,a+50d=203,
a+51d=207,a+52d=211,
a+53d=215,a+54d=219,a+55d=223,a+56d=227,a+57d=231,
a+58d=235,
a+59d=239,a+60d=243,a+61d=247,a+62d=251,
a+63d=255,a+64d=259,a+65d=263,
a+66d=267,a+67d=271,a+68d=275,a+69d=279,a+70d
=283,

a+71d=287, a+72d=291, a+73d=295 a+74d=299,
a+75d=303, a+76d=307, a+77d=311,
a+78d=315,a+79d=319, a+80d=323, a+81d=327,
a+82d=331,a+(q-1)d=a+83d=335.

Therefore, the graph G=P3&P; is an (3, 4)- arithmetic
graph.

Theorem

Let the graph G be the Kronecker product of P;®S,. That
1sG :P3®Sk
where k > 0 is an (a, d) - arithmetic graph.

Proof

Let G= P;®S, where k > 0. Then the graph is given in
(Figure:3) as below.
Consider k=n
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Figure 3
Let V be the vertex set of G and is denoted by
VG) ={v;/1<i<n;1<j <3}
Define f:V(G)—N. Now we are giving the label to the vertices
of G as below.

If'j" is odd

f(vij))= (G+3)+8{—2)where 2 <i<m1<j<3
.......... (A)

If'j" is even:

f(w)= (G+1)+8@{ -1 wherel < i <n;j=
.......... (B)

If i=1and ' is odd:
f(f(wy;)) =j—iwherei=1 1< j <3

The edge labels induced by f(uv) = f(u)+ f(v) are as
follows.
If'I"is odd and 'f' is even:

f(rve) = 8(r+e) + t+1-20
wherer =1; t=2;2<e <n;1<1<3
If '# is odd and 'I'is even:

frve) =t+1+8e-r—-7
wherer=1; 1<t <3; 2 < e <n;/=2
.......... (E)

Clearly the edges are labeled as

fGE)) ={aa+d,a+2d,..,a+ (q—1)d}
Therefore, fis an arithmetic labeling
Hence, the graph G=P;®S; is an (a,d) - arithmetic graph,

Example
Consider the graph G=P;®S¢

Ve,2 O Ve 3
(36) (43) (38)
Figure 4

O Vg1

Here, k=6 and q= 20
The vertex labels are given below
Equation (4)= f(vi,j) = (G+3)+ 8(—2)roddj

Where2 < i <n; 1 <j <3

When i = 2,3,4,5,6 ; j=1,3 =f{v,,) =4, f(vs)=12; f(vs)= 20;
Jvs1)=28;

Jtvs )=36,f (v23)= 6;
J(vs 3)=30:f(vs3)=38.
Equation (B)
1<i<nj=2
Wheni =1,2,3,4,5,6; j=2 = f(v;;)=3;f(v22)=11; f(v;i))=19 ;
Jv42)=27;

Jv52)=35:1(vs2)=43.

Equation (C) = f(v;;) =j —i Voddjwherei=1;1 <j <
3

when i=1, j=1,3 (v, )=0; f(v1.)=2

The edge labels are given below,

Equation(D)= f(vy,ve,) = 8(r +e) +t + 1 — 20 Vodd!
wherer=1;t=2; 2 <e <n; 1 <[<3

Whenr:I; t:2,' 622,3,4,5,6 ,'l:1,3 :,‘)f(VLg V2,1)27,' f‘(vl,Z V3,1):
15;

JO12v4)=23,f(v12v5,1)=31; f(vi2v61)=39; f(vi2v23)= 95 f(vi2
V3’3): 17,

J012v43)=25; f(v1,2v53)=33,/(v1,2v63) =41

Equation(E) :f(vr,tve,l) =t+ 1+ 8e-r —7 voddt

4](‘(‘}3,3):14; f(V4,3):22,'

=f;;) = (+1) +8(—1) where

Wherer=1;1 <t <3; 2 <e <n;l=2

when r= ],' t:1,3,' 622,3,4,5,6,' =2 :)f(V]’] vZ,Z): ]1, f(V]J
v32)=19;

SO va)=27; f(vig vs)= 355 fvig ve)=43:f(vis va2)= 13;
Jvi3vs2)=21;
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J13v42)=29f(vi3Vs52)=37; f(v13Vs2)=45. 2. Harary .F., Graph Theory, Narosa Publishing House

Here, a=7 and d=9 — 7=2 (1969).

The edge labels are in the arithmetic progression 3. Rosa .A., On Certain Valuations of The Vertices of A

a=7, a+td= 9, a+2d=11, a+3d=13, a+4d=15 a+5d=17, Graph Theory of Graphs (Internet, Symposium, Rome,

a+6d=19, a+7d=21, a+8d=23, a+9d=25, a+10d=27, a+11d July 1966), Gordon and Dunod Paris (1967)

=29 a+12d=31, a+13d=33, a+14d=35, 4. Stephen Joh .B and Jovit Vinish Melma. G., Arithmetic

a+15d=37, a+16d=39, a+17d=41, a+18d=43, a+(q-1) Labeling of Cm X Pn And Pm XPn, International

d=a+19d=45. Journal of Mathematical Archive, 9(4), 2018.

Therefore, the graph G=P;®S; is an (7, 2)- arithmetic graph. 5. Stephen Joh .B and Jovit Vinish Melma. G., Arithmetic
Labeling of W4 X Pn And Km,n; International Journal

Reference of Current Advanced Research, Volume 7, Issue 3(J),

1. Acharya .B.D. and Hedge .S.M., Arithmetic Graphs, March 2018.

Journ.Graph Theory, 14(3) (1989), 275-299.
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