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INTRODUCTION

LetJ* = —J be an invertible 2N x 2N matrix. In this paper, we study a perturbation of Hamiltonian systems with periodic
coefficients. These types of systems generally model the problems of engineering and physics (Yakubovich and Starzhinskii [15]).
Particularly, they come from the theory of optimal control (Brezinski [3]), and parametric resonance (Yakubovich and Starzhinskii
[15]). These systems are linear differential systems of the form (1)

ax() _

J=~=H®X®), 1
where H(t) = H(t+ P ) = H(t) e R?¥*2N 't eRand P > 0.

The fundamental solution X(t) of

ac

ax() _
{1 HOX®) )
X(0) = Ly

is symplectic i.e. XT(t)JX(t) = J. Let A be a symmetric matrix, i.e. A = A* is Hermitian
and HX bea Hamiltonian matrixi.e. (JH) = (JH)*. The symmetric matrices and the Hamiltonian matrices possess simple and
useful properties, among which we recall the following results (Batzke in [2] and Roge in [11]) useful for the following. Here and in

what follows, the symbol FF denotes R or C.
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Corollary 1 (Takagi’s factorization)[11] If A € M N([F) is symmetric then there exists a
unitary U € M, (F) and a real nonegative diagonal matrix £ = diag (%1’ =% ) such that A = usuT.

Using corollary1 and the fact that for any Hamiltonian matrix #, the matrix /=1 is symmetric, we have the following result
Lemma 1 [2] Let £ € F?¥*2N pe a J-Hamiltonian matrix of rank k, and J € F2¥>2N pe anti-symmetric and invertible matrix.

1. If F =R, then there exists a matrix U € R?¥*¥ of rank k and a diagonal matrix £ = diag (s, ..., Sx) , With
sj € {£1},vj =1,..,ksuchthat H = ULU"J.
2. If F=C, then there existsa matrix U € C*2¥*¥ of rank k such that % = UU*J.

The Hamiltonian matrices often lead us to special case of vector space: “isotrpic subspaces™ ([1],[5], [7], [8], [10], [12], [13]) which
are defined as following.

Definition 1

A subspace X < R2V is called isotropic if X 1 Jx. The maximum isotropic subspace is called Lagrangian subspace.

Clearly a subspace £ is isotropic if and only if any matrix L, whose columns generate £ satisfies rank(L) <N and L*JL=0,in
particular, if in addition to the condition L*JL = 0, we have rank(L) = N, in this case L is said to be
J-Lagrangian (see for example in [1], [5], [7], [8], [10], [12], [ 13]).

The purpose of this present article is to link any unperturbed symplectic matrix W with its rank-k (with K < N) perturbation

W =W +E (E € F?V*2N) that preserves its J-symplecticity structure and to determine the types of perturbations of (2).

whose solutions X (t) are the rank-k perturbations of X (t) matrix solution of (2). Thus to understand our study, we give a
generalization of lemma 7.1 of Mehl et al [9] and the conditions for which any rank-k(k < N) perturbation of
symplectic matrices remain symplectic in section 2. In section 3, we present the case of a certain type of perturbation of
Hamiltonian systems with periodic coefficients. Finally, before approaching the last section, where we give a concluding remarks,
we give two numerical examples in section 4 in order to check our theoretical results. Throughout the paper, instead of the term >J
-symplectic”, we will sometimes say ’symplectic”. The symbol H . || denotes the Euclidean norm of matrices or vectors. The identity
(respectively null) matrix of order is denoted by I,y (respectively 0,5) or just I (respectively 0) if the order is
clear from the context. Finally, the transpose of a matrix (or vector ) U is denoted by UT if F = RorU* if F = «C.

A simplified form of a perturbation of symplectic matrices preserving its symplectic structure
Let W € F2N*2N he a symplectic matrix. To proof proposition 2, let’s start with the following result

Proposition 1 Let W = W + E, where E € F?N*2N s such that E*JE = 0. Then W is J-symplectic if and only if EW ! is J-
Hamiltonian.

Proof
Suppose that I is J-symplectic. We know that W can be in the form W = (I+EW ~1)W, so I+EW ~1 is also J-symplectic. In fact

(I+EWYYWJ([I+EW™Y) =J
S (JT+W "E*T)(I+EW ') =J
F—w e r—1 g o —1
e J+ W E T + JJEW W E*IEW =
=0
= W *E*J+ JEW ™' =0
= (JEW Y)W — JEW ! =0,

So EW 1 is J-Hamiltonian.

Conversely, suppose EW ™1 is J-Hamiltonian. Since
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(T+EW") " JI+EW™Y) = (J+WE*J) I+ EW™!)
— A —* ar—1 A7 —* o a—1
=J+WE*J + JEW ' + 1 E:ZEU
=J (JEW—)* + JEW ! = J, because EW ~! is J-Hamiltonian.

=0

So I+EW 1 is symplectic. Therefore W = (I+EW~1) W is symplectic as a product of symplectic matrices.
Now, we can give a generalization of lemma 7.1 of Mehl et al [9] in the proposition below

Proposition 2 If W = W + E(E € F2N*2N) js symplectic such that E*JE = 0 and rank of E is k (with< N), then there is a matrix
R € F2V*k of rank k, whose columns generate an isotropic subspace such that

_ { (I +RR*DW, siF=C

“ U +RRTDW, siF =R’ (3)

where X = diag (s1, .., sk) , with s; € {+1},Vj=1,..k

Conversely, for any matrix R € F2N*2N of rank k, whose columns generate an isotropic subspace, the matrix W is symplectic.
Proof

Since W is symplectic such thatrank(E) = k < Nand E*JE =0, then according to propositionl, the matrix EW—1is J-
Hamiltonian.

If F=C, wehave EW~! € C?¥*2N, Then, according to lemma 1, there is a matrix R € C2V*¥ of rank k verifying the following
condition

EW~1 = RR*J, (Batzke in [2]) (4)

this implies that E = RR*JW. Hence W can be written down as W = (I + RR*])W. Now let’s show that the columns of R belong
to an isotropic subspace.

Since I + RR"] is symplectic, we have :

(I + RR*.D)" J(I + RR*J) = .0
= (J—JRR*"J)(I + RR*J) = J
J—JRR*J 4+ JRR"J —JRR" JRR"J = J
=0
— _JRR*JRR*J =0
= RR*JRR* = 0, (5)

Multiplying the two sides of equation (5) respectively on the left by R* and on the right by R, we get R*R[R*JR]R*R = 0, which
implies R*JR = 0, because R*R is invertible. Let’s put R = [ry, ..., ry], then:

I — O
4
<~ [Frscess Tr] = O
/‘,:‘_.I
ry J 71 ry Jro - - - ryJri
= = = Ok=<x
3Ty raJdro 2T £ o )

This shows that r;’Jr; = 0,V j,l € {1, ..., k}. Hence taking V= span|r, ..., 7], it follows that N L JV". Which means that the
columns of R generate an isotropic subspace.

If F =R, then in this case EW~! € R?N*2N 5o according to lemma 1, there exists a matrix R € R?N*K of rank k and a
diagonal matrix X = diag (s, ..., sk) , with s; € {£1},Vj = 1,...,k such that:
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EW~! = RERTJ (Batzke in [2]) (6)

this implies that E = RERTJW. Replacing E by its expression in that of W, we obtain W = (I + RERT)W. Reasoning in a similar
way such as the complex case, we deduct that the columns of matrix R generate an isotropic subspace.

Conversely, it’s easy to see that for any matrix R € F2¥*kof rank k, whose columns generate an isotropic subspace, the matrix W
is symplectic. Indeed, it suffices to note that I + RR*J is J-symplectic, which is immediate from

* T\ x _ 7 _ * * T _ * * T
(I+RR*J)*J(I+ RR*J)=J—JRR*J+ JRR*J JRR;gRRJfJA

For a symplectic matrix W and a matrix U € F?¥** of rank k, whose columns generate an isotropic subspace, considering the set
E(W, U) of rank-k (with k& < k) perturbations of symplectic matrices defined by

EW,U) = {W symplectic : W = W + UA*, with A € F?¥*¥}, we have the following remark
Remark 1

e Forall W € E(W,U), there exists a matrix R € F2V** of rank k, whose columns generate an isotropic subspace such that

_ {(1 +RR* )W, siF = C ;
(I +RERTHW, siF =R’ 7

where Z=diag(s;.....sg), with s; € {£1},Vj = 1,...,k. Because forall W € £(W,U), W is symplectic and there exists
A € F?V¥k sych that W = W + UA*, with U*JU = 0 and rank(UA*) = k.
e &(W,U) isanon-empty set, because W € £(W, U).
Consider the J-symplectic matrix function (X(t)).eg- In particular, if X(¢t) is the solution of (2), then according to proposition 2,
any element of € (X(t),U) can be in the form

o . _(U+RM®ORM®ONX®), siF=C
XO = {(1 +ROZM®RT(ONX(), siF=R’ ®)

Starting from this concept, we can determine a link between the rank-k (with k< N) perturbation of Hamiltonian systems and a
certain perturbation of differential system.

Case of certain types of perturbation of Hamiltonian systems with periodic coefficients

Let’s U € R?M*¥ (with k< N) be a constant matrix of rank k such that its columns belong to an isotropic subspace. Consider the
perturbed Hamiltonian equation

dx(t)
dt

J = [H®) + E(®)]X(D), 9
where H(t + P) = HT(t) = H(t) e R®N2N E(t+P) =ET(t) = E(t) e R?¥2N vt e R and P > 0.

We have the following proposition

Proposition 3 If a solution X(t) of (9) is symplectic such that rank(X(t) — X (t)) =k <N and
X@® —-X@®))7J ()?(t) - X(t)) = 0, ¥t € R. Then there exists a constant matrix R € R?"*¥ of rank k, whose columns generate

anisotropic subspace and a diagonal matrix X = diag (sy, ..., s, ), with sj =+1 for all j =1,...,k so that E(t) be of the form

E(t) = (]RZRTH(t))T + JRERTH(t) + (RERTDTH(t)(RERT]), Vt€ R (10)
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Proof Let t €R. Suppose X(t) is symplectic such that rank(X(t) — X(t)) = k <N and

X — X)) ()?(t) - X(t)) =0, ¥t € R. Then according to proposition 2, there is a matrix function R(t) € R?N*kof
rank k, whose columns belong to an isotropic subspace and a diagonal matrix X(t)=diag(s; (t).....s,(t)), with s;(t) = £1 for all
j=1,..,ksuchthat X(t) = (I + R(t)X(t)RT (t)])X(t) because

X (t) € R?N*2N_ Now let’s show that R(t) and X(t) are constant matrices.

I;’(tji'('tj = .I(Us (t)
dt

r ( (VY T
J(I+ RS R (£)0) ax@ , , F (ROX(OET(1)

dt dt

JX ()

d (R(1)S(t)RT (1))

JX (1
dt )

J(T+ R)SERT (4)T) T H@E)X (1) + J {

d (R()Z(HRT (1))

_ . vy T ravy N
= |+ JROEORT(D) H(t) + J at

.I} (I — R(OS(ORT (1)) X(1)

= |I-RWEOR )Y HE) (I - ROZORT(0)])| X (1)
| =Hi(t)
_]a‘ (R(OZ(H)RT (1))
’ dt ’

J (1 — RZ(ORT()I) | X (1)

d(R(t)Z(t)RT(t))

” JUI — R()Z(t)RT(t)]) = 0,since X(t) is a solution of (9), which is a Hamiltonian system with

d(R(t)Z(t)RT(t))

This implies that |

periodic coefficients. Hence - =0, because J and (I — R(t)Z(t)RT(t)]) are invertible. Thus 3 C € R such that
R()Z(t)RT(t) = C. Putting C = R(0)Z(0)RT(0), X(t) becomes X(t) = (I + RERT))X(t), with R = R(0), and
¥ = 2(0). Replacing the new expression of X(t) in the first member of (9), we obtain:

7O _ 51+ RERT 517X O
dt dt

=J(I + I?SI?"'.I).I_IH(f)X(f). according form system é
=[H(t) + JRERTH (t)](I + RSRTJ)"1X (t)

o

= |H(@)+ (JRERTH#))T + JRERTH(t) + (RERT ) TH(t)(RZRT J)| X (¢)

E(t)

Hence system (9), where

E(t) = (]RZRTH(t))T + JRERTH(t) + (RERTTH(t)(REZRT)).

From this proposition, we deduce the following corollary

Corollary 2 If there exists a P -periodic and symmetric matrix E(t) such that the fundamental X(t) of the Hamiltonian equation

]% =[H@®) +E®IL@®), X0O)=1+UUT] )

belongs to £(X (t), U), then E(t) is of the form (10).

Proof Since the solution X(t) of (12) belongs to € (X(t), U), then there is a matrix A € R2¥*¥ such that X(t) = X(t) + UA* is
symplectic and rank(UA*) = k < k, with (UA*)*JUA* = 0. Hence, according to proposition 3, there exists amatrix R € R?¥*k of

rank k, whose columns belong to an isotropic subspace such that E (t) be of the form (10).

The following corollary is a generalization of proposition 4.1 of Arouna et al in [1].
Corollary 3 Consider the Hamiltonian equation (9), with
E®) = JusuTHO)T + JuzsuTH®) + wzuT)HT HOWzUT), vieR,
where U € R?¥*¥ is a matrix of rank k, whose columns belong to an isotropic subspace and £ = diag(s;, ..., s), with s; € {£1},
Vj=1,..,k ThenX(¢t) = (I + USUT))X(t) is a solution of (9).
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Proof By derivation of X(t), we get

720 g0 s unrr g2
dt dt
=JI+USUT)J 'H(t)X(t), according form system (2)

=[H(t) + JUSUTH(t)|(I + USUTJ)"1X(¢)

= |H@#)+ (JUSUTHt)T + JUSUTH(t) + USUT HTH@)(USUTT)| X (¢)

E(t)

Hence system (9), where E(t) = (JUZU T H(®) T+ JUsUT H(t) + (UZU T )T H(t)U=U T3). So X(t) is a solution of (9).

Algorithm and Numerical examples

From corollary 1 and the algorithms of Fuller in [6] and Wei et al in [14], we propose the following algorithm which leads us to
factorize any rank-k (with k <N) perturbation of symplectic matrix, as proposed in lemma 1.

Algorithm 1
Input: A: Symmetric 2N by 2N matrix of rank k, with k <N.
Output: € € F?V*k: nonsigular matrix of rank k and diagonal matrix L = diag(s;, ..., s;) € F?V*¥, withs; € {+1},
vj=1,..,kofrankk suchthat A = CLCTifF=Rand A =CC*if F=C.
If A€ R*N*2N then (see Fuller in [6])

Diagonalize matrix A, ie find a non-singular matrix C; and a diagonal matrix D such that CT AC; = D.
Store the elements of the diellgonal matrix D in descending order to obtain another diagonal
matrix £ and put C = C,(22)"(:,1: k) such that CTAC = L, (L = diag(s, ..., s) € F?V*¥, with s; € {+1},
Viji=1,.. kand rank(L) = k).

Else
e Step 1: Reduce A to a complex symmetric tridiagonal form, i.e.(P*AP =M).
e Step2: Applied algorithm 3.1 of Wei et al in [14] to compute the Takagi’s factorization of the
complex symmetric tridiagonal matrix M, i.e.(M = QXQ").
e Step 3: Combine the two previous steps to obtain the Takagi factorization of A,
i.e,(A =P (QXQ*)P*=C1XCy withC1 = P Q).
e PutC =Cy(ZV2(:,1: k) togetA=CC™.
End

Now, we present numerical examples to confirm our theoretical results. Here, all experiments are done with MATLAB7.9.0
(R2009b).

Example 1 Consider the following symplectic matrix function

- sin(t) cos(t) 1
Wit) = { Is Y (1) ] , where Y (t) = cos(t) 1 0 andt € R.
03 I3 1 0 1 + sin(t)

Let’s put W(t) = W(t) + E(t), where E(t) = [8 A(()t)], with AT(t) = A(t) € R?¥*¥(k < 3). It is easy to check that
ET (®JE®) = 0, Vt € R. Indeed V't € R, we have:
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ar=[(340) (55 (3 4] [0 £)(3 ) (8 )
(8 ko) (B A)-(58)

The purpose of this example is to show that for a given symplectic matric W = W + E, where W is
symplectic and E € R*N*2N s such that rank(E) = k (withk = 2,3) and ETJE = 0, then there is
a matriz U € R2VN** of rank k, whose columns belong to an isotropic subspace and a diagonal matriz
Y = diag (sy, s2,83), with s; = £1 for all j = 1,2,3; such that W = (I + UZL-TTJ) Ww.

2cos(2t) -1 0
e Taking A(t) = -1 2cos(2t) -1 , thenat t=0.293 for example, we get:
0 -1 2cos(2t)
0 0 a —1.6663 1.0000 0
0 0 a 1.0000 —1.6663 1.0000
y ¢ o [y 0 o 1. i —1.6663

E(U_293} - 0o 0 o0 o 0 0
0 0 a 0 0 0
0 0 a 0 0 0

with rank (E(0.293)) = 3. The computation of 1 (0.293) gives

1.0000 1] o —1.3775 1.9574 1.0000
L8] 1.0000 ] 1.9574 —0.6663 1.0000
1]

C c 1.0000  1.0000 1.0000  —0.3775 o T i

0 0 1.0000 0 o verifying ||W* (0.293).J17(0.293)—J[[ =0
0 0 0 1.0000

0 0 0 0 1.0000

W(0.293) = (

and using Algorithm 1 to

1.6663 —1.0000 0 [1] (1] 0
—1.0000 1.6663 —1.0000 [1] (1] 0
ry—1 o —1.0000 1.6663 [1] (1] o
i —
E(Jli ) (0'293) - o o 0 [1] (1] 1]
1] 1] 0 [1] (1] 1]
1] 1] 0 1] 1] 1]
—0.8776 —0.9128 0.2511
1.2411 0.0000 0.3550
T — —0.8776 0.9128 0.2511
we get U= o o o
0 0 0
0 0 0

of rank 3 and £ = I satisfying the following equality

[lUTJU|| = 0 and || W(0.293) — (I + USUT])W(0.293)|| = 2.8486 x 10715

This shows that there exists a matrix U € R®*3 of rank 3, whose columns belong to an isotropic subspace and a diagonal matrix
% =1, suchthat W(0.293) = (I + USUT])W(0.293).

2sin(t) +1 0

e In this latter example, we take A(t) = ( 0 1). Thus at t=1.934 for example, we get:

o 0o 0 —2.8695 ] 1]

o 0o 0 ] —1.0000 0

E( 1 934) _ o o 0 L] L] 1]
- - o 0o 0 ] ] 1] Hl

o 0o 0 ] ] 0

o o 0 L] L] 1]

with rank(E(1.934)) = 2. The computation of W (1.934) gives
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1.0000 o o —1.9348 —0.3553 1.0000
— a 1.0000 o —0.3553
1'{;7(1 93_1) _ 1} 0 1.0000 1.0000 o 1.9348
. - 1} o o 1.0000 0 0

1] o o o 1.0000 0
o 0 o o o 1.0000

The application of Algorithm 1 to

2.8695 0
0 1.0000

BUW)T' 1934 = & 3§
o 0
o 0

yields matrix

1.6940 0
] 1.0000

U 0 0
i 0

of rank 2 and X = I, verifying the conditions bellow

IIUTJU|| = 0 and || W(1.934) — (I + UZUT))W(1.934)|| = 4.4409 x 10716,

satisfying |[WT(1.934)JW (1.934)—J|| = 0.

o
o

1]
o
o

0
0
0
0
0
0

0
]
0
0
]
]

1}
1}
[}
0
1}
1}

This shows that there exists a matrix U € R®*? of rank 2, whose columns belong to an isotropic subspace and a diagonal matrix

T =1, suchthat W(1.934) = (I + USUT))W(1.934).

Example 2 In this example, consider system (9), with

H(t) = ( PO:)

and
o o (o]
o o (o]
o o o o
E(t) = acos(VTe) + d o b cos(2vTt)
o o« g sin(5v7Tt)
e cos(2V/7t) esin(2V7t) 7
where

4 4+ eccos(~t) o
P(t) = ( 0 a

5 cos(2+t) esin(54t)

acos(VTt) + d
o

03

I3

)

b cos(2/7Tt)
81 cos(VTt) + d1

0
Bo cos(2/7Tt)

5 cos(2vt)

csin(5vt)

) , with 7y = \ﬁ

and a,b,d, e, g, a,a,,1,8,8;, By, B,, and € are real parameters. Then system (1) becomes (27/v/7)-periodic. In this example, we

show that if a matrix solution X, (t) of (9) is symplectic such that rank(X,(t)—X(t))=k <3 and

X, () = X@)TJ(X1(6) — X(£)) = 0, then we can find a matrix R € R®* of rank k <3, whose columns generate an
isotropic subspace and a diagonal matrix X = diag (sq,5;,53), with sj = #1 for all j = 1,2,3; such that E(t) be of the

form (10), ie the following norm function

Y() = ||E®) — (J URERTH®))T + JRERTH(t) + (RERT))HT H()(RERT)))|| is close to zero

for all t €[0, 2n/V/7 ].

1) Fore=2,6=4,a=; = 06272, b = 1.2544, d = 1.2544, d,

ap =1 =051 =2 =0, let’s take

,_.

1] —0.6053

1 o
o 1
o
1] o

X1(0) =

For all t €[0, 2n/V/7 ], we note in Figure 1 that

o

o o —0.0002

o
o
1
o

= 1.4655 ande = g = §; = o =
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X, (@))%, () = JI| < 1.8 X 107, rg(X,(t) —X(t)) =2, ||(X, () — X(t))T](Xl(t) —X(©)|| =2.5x 107, where X(t) is

the solution of (2) and ¥ (t) < 3 x 10716, with

x10"

X ®IX -1

1904, OX()

1164, (O-X@F IO} OX O

Figure 1 Checking of the proposition 3 for te[0, 2z/V7 ].

Is sweh that RT JR = 0.

This shows that there exists a constant matrix R € R®*? of rank k = 2, whose columns generate an isotropic subspace

and a diagonal matrix ¥ = diag(1,1) such that

E@) = JRERTH)T + JRERTH®) + (RERTIHT H()(RERT)), ViE ]

21
0,7].

2) Fore=2,6=4,a=1.058x10"2d=b=2116x10"2, ¢ = 5.8368 x 1072, g = 8.405x 1072, a =
0.12608, a7 = 1.22646 x 10~%, §; = 0.0053, 7 = 2.9184 x 1073, By = 3.08768 x 1075, g1 = d; =0,

and

=

we obtain Figure 2. In this Figure, we can see that ||X;(t)JX;(t) —J|| < 1.8 x 107, rg(X,(t) — X(©)) =3,

(X, (©) = X(©) J(X, () = X(©))]| = 3.5 x 10716 and (t) < 1.15 x 10716, with

0.023 0 9]
0.205 (0]
0 0.0382
0 0

=y
I
(=N )

) 0
0 0

o

and X =1, such that R”JR = 0 forall t €[0, 2n/V/7 ].

This proves that there exists a constant matrix R € R®*3 of rank k = 3, whose columns generate an isotropic subspace and a diagonal

matrix X = diag(1,1,1) so that

E@®) = JRERTH)T + JRERT H(t) + (RERTIHT H()(R=RT)), viE [0,3—’;]
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Figure 2 Checking of the proposition 3 for t €[0, 2n/v/7 ].

CONCLUSION

In this research work, we first gave a generalization of lemma 7.1 of Mehl et al [9]. However, this result shows that any rank-k (k <N)
perturbation of symplectic matrices can be in the form (3). Starting from this concept, we have also shown that if a solution X(t)
of (9), perturbation of (1) is symplectic such that rank(X(t)—X(t))=k and (X(t) — X(t))"/ ()?(t) — X(t)) = 0 for all t € [0, P],
then the matrix function E(t) defined in (9) can be written in the form (10). Finally, two numerical examples allowed us to

check our theoretical results. However, these examples show that these theoretical results are valid only for good choice of the
perturbation. In future work, we will applied our results to the theory of parametric resonance in mechanic and physics.
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