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Article History: The Receiver Operating Characteristic (ROC) curve is commonly used for evaluating the

discriminatory ability of a biomarker. The conventional ways expressing the true accuracy of the test
is by using its summary measure Area Under the ROC Curve (AUC) and intrinsic measures
Sensitivity and Specificity. We propose a Bayesian approach for the estimation of the AUC under
the Constant Shape Bi-Weibull Distribution using Extension of Jeffreys’ Prior Information with
three Loss Functions. Theoretical results are validated by simulation studies.Simulations indicated
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1. INTRODUCTION

Receiver operating characteristic (ROC) curves are widely used for the evaluation of continuous or ordinal diagnostic tests and
biomarkers [6, 7, 22]. Measurements for a diagnostic test may be subject to an analytic limit of detection leading to immeasurable or
unreported test results. Ignoring the scores that are beyond the limit of detection of a test leads to a biased assessment of its
discriminatory ability, as reflected by indices such as the associated Area Under the ROC Curve (AUC). The ROC Curve is
embedded by the two intrinsic measures Sensitivity (Sn) or True Positive Rate (TPR) and 1-Specificity (Sp) or False Positive Rate
(FPR) along with its accuracy measure AUC. The corresponding AUC provides a global summary statistic indicating the overall
discriminatory ability of a test independent of any cut-off point and may be used to compare the performance of different tests for
detection of the condition of interest. The AUC is defined as the total Area under the ROC curve represented by “sensitivity” versus
“1-specificity” corresponding to all possible cut-off points. The AUC can be interpreted as the average sensitivity, across all
possible False-Positive Fractions [28]. An alternative interpretation is the proportion of the time that test scores for individuals with
the condition of interest will exceed (or be less than) those of individuals without the condition. The term ROC analysis was coined
during II world war to analyze the radar signals [21]. The application of ROC Curve technique was promoted in diversified fields
such as experimental psychology [8], industrial quality control [5] and military monitoring [25]. [8] Was first to use the Gaussian
model for estimating the ROC Curve. [3] Gave the maximum likelihood estimates for the ROC Curve parameters considering yes or
no type responses and rating data. The importance of ROC Curve in medicine was due to [17] analyze the radiographic images. [19]
Proposed a methodology to describe the scores of rating type by embedding the approach of [3]. [10] Explained the importance and
robustness of Binormal ROC Curve. Recently [23] explained the Bayesianestimation of the receiver operating characteristic curve
for a diagnostic test with a limit of detection in the absence of a gold standard.

We also developed Functional Relationship between Brier Score and Area Under the Constant Shape Bi-Weibull ROC Curve [16],
Confidence Intervals Estimation for ROC Curve, AUC and Brier Score under the Constant Shape Bi-Weibull Distribution
[13],Asymmetric and Symmetric Properties of Constant Shape Bi-Weibull ROC Curve Described by Kullback-Leibler Divergences
[14], and Bayesian Estimation of Parameters under the Constant Shape Bi-Weibull Distribution Using Extension of Jeffreys’ Prior
Information with Three Loss Functions [15].
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The main purpose of this paper is to compare the traditional Maximum Likelihood Estimation of the AUC of the Constant Shape
Bi-Weibull distribution with its Bayesian counterpart using Extension of Jeffreys’ Prior Information obtained from Lindley’s
approximation procedure based on three Loss Functions.

In this paper, the Bayesian Estimation of AUC under the Constant Shape Bi-Weibull Distribution is studied by Using Extension of
Jeffreys’ Prior Information with Three Loss Functions. This paper is organized as follows: In Section 2, estimation of AUC under
MLE, Jeffreys’ Prior Information and Extension of Jeffreys’ Prior Information with Three Loss functions is discussed. Section 3,
provides simulation study for proposed theory. Section 4 deals with validation of the proposed theory based on real time data.
Conclusions are given in Section 5.

2. A Constant Shape Bi-Weibull Roc Model And Its Auc

In medical science, a diagnostic test result called a biomarker [11, 2] is an indicator for disease status of patients. The accuracy of a
medical diagnostic test is typically evaluated by sensitivity and specificity. Receiver Operating Characteristic (ROC) curve is a
graphical representation of the relationship between sensitivity and specificity. Hence the main issue in assessing the accuracy of a
diagnostic test is to estimate the ROC curve.

Suppose that there are two groups of study subjects: diseased and no diseased. Let S be a continuous biomarker. Assume that ROC
analysis based on the True Positive Probability (TPP),P(S|D), and False Positive Probability (FPP),P(S|H), in fundamental
detection problems with only two events and two responses [26,8,4].

According to Signal Detection Theory(SDT), we assume that there are two probability distributions of the random variables X and
Y, one associated with the signal event s and other with the non-signal event n[12]; these probability (or density) distributions of a
given observation x and y are conditional upon the occurrence of s and n [4].

In the medical context, the signal event corresponds to the diseased group, and the nonsignal event to the no diseased group [9]. If
the cutoff value is ¢, corresponding to a particular likelihood ratio, the TPP and FPP are given by the following expressions [4]:

Let x, y be the test scores observed from two populations with (diseased individuals) and without (no diseased individuals)
condition respectively which follow Constant Shape Bi-Weibull distributions. The density functions of Constant Shape Bi-Weibull
distributions are as follows,

tB
f(x|D) = ﬁtﬁ‘le_[g]. (D
Op
and
B 517l
gOIH) = —eF=te Lo, @
H

The probabilistic definitions of the measures of ROC Curve are as follows:
e ]

Sensitivisgy= P(S|D) = f f(x|D)dx,
t

1 Specificisty= P(S|H) =ff(x|H)dx.

In this context, the (1-Specificity) and Sensitivity can be defined using equations (1) and (2) and are given in equations (3) and (4)
respectively,

B
P(SIH) = y(t) = e‘[ﬁ]. (3)
and

B
P(S|D) = x(¢t) = e"[ﬁ]. (4)

The ROC Curve is defined as a function of (1-Specificity) with scale parameters of distributions and is given as,

ROC (1) = x(t) = y (1),
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1
wheret = [0y 0g)(t)]Fis the threshold andb = :—H
D

The accuracy of a diagnostic test can be explained using the Area under the Curve (AUC) of a ROC Curve.AUC describes the
ability of the test to discriminate between diseased and no diseased populations. A natural measure of the performance of the
classifier producing the curve is AUC. This will range from 0.5 for a random classifier to 1 for a perfect classifier. The AUC is
defined as,

1

AUC = fy(t)bdx(t).

0

The closed form of AUC is as follows

AUC = (5)

1+b
2.1 Maximum Likelihood Estimator of AUC

The MLE of two parameters Weibull distribution has been discussed [27] in the context of Reliability estimation. Let X1, X2, .. ....
Xm be a random sample of size m from W(S,0p) and Y1, Y2, .. .... Yn be a random sample of size n from W (S, oy) .The
likelihood function of the selected sample is given by

Ly 10) = | [ Al Boon) | [0 18,00
i=1 j=1

wheref = (B, 0p,0y)

m xiB n ﬁ
i=1 P j=1 H
The log-likelihood function is
m n 1 n 1 m
InL=(m+n)Inp+ (L 1) Zlnxi +eryj nlmwy mnop U—Zyjﬁ U—Z x;P, (6)
. - H 4 D 4
i=1 Jj=1 j=1 i=1

Differentiating (5) with respect tof3, we get

m n n m
dlnL. (m+n) 1 1
B B pr — O &= Op &
= j=1 j=1 i=1

By differentiating the equation (5) with respect toop, oy and equating to zero, we get the estimates. The MLE’s of o}, and oy are
determined as,

olnl_ m Xf,xf
aO-D Op O-Dz
m ,..B
— i=1Xi
=— . 8
Op m )
dlnl  n  Xi,yf
doy Oy oy’
n B
. _ &j=1)j
=— . 9
OH n €))
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Substituting equation (8) and (9) in equation (7) and equating it to zero, we get a non-linear equation:
m+n+ Z7=1 Yjﬁ + X0 %P

( )_ TlZ?:lijlnyj mZ{’zllxiﬁlnxi
Z;‘l=1yjﬁ ?:l1xi6

(10)

Hence, f can be determined as a solution of Non-linear equation (10). By substituting equations (8), (9) and (10) in equation (5),
will get an MLE estimate of AUC and is given as

2.2 Bayesian Estimation of AUC under Constant Shape Bi-Weibull Distribution

Bayesian Estimation approach has received a lot of attention in recent times for analyzing Failure Time data, which has mostly been
proposed as an alternative to that of the traditional methods.

Bayesian Estimation approach makes use of once prior knowledge about the parameters as well as the available data. When once
prior knowledge about the parameter is not available, it is possible to make use of the non-informative prior in Bayesian analysis.

Since we have no knowledge of the parameters, we seek to use the Extension of Jeffreys’ Prior Information, where Jeffreys’ Prior is
the square root of the determinant of the Fisher information. According to [1], the extension of Jeffreys’ prior is by taking u(6) «
[1(0)]¢, ceR*, so that

1-2c
u(6) < [g]
Thus,

u(o, ) _ﬁUDUH]

Let X1, X2, .. .... Xm be a random sample of size m from W(fS,0,) and Y1, Y2, .. .... Yn be a random sample of size n from
W (f, o) .The likelihood function of the selected sample is given by

1 2c

L(x,y;16) = ﬂfx(xl 15, GD)ny(y] | B.on)

j=1

whered = (B, op, O'H)/
ij]

L—nﬁxﬂl l_l_yﬁl [E

With Bayes theorem, the joint posterior distribution of the parameters 6is

n (0]t) < L(t] 6)u(H)

m
— Lnﬁx.ﬂ_le_
(Bopoy)?© i1 Op l

wherekis the normalizing constant that makes T a proper pdf.

Remark 2.1

xﬁ
oD

.VJB
OH
)

p
y’“

j= 1

Here we consider two Asymmetric Loss Functions namely Linear Exponential (LINEX) Loss Function and General Entropy Loss
Function. Also the Symmetric Loss Function namely Squared Error Loss Function considered in order to estimate AUC values.

2.2.1 Linear Exponential Loss Function (LINEX)

The LINEX Loss Function is under the assumption that the minimal loss occurs at § = 6and is expressed as
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L(@ 9)ocexp(a(§ 9)) a(@ 9) 1

whereBis an estimation of @ and a # 0. The sign and magnitude of the shape parameter ‘a’ represents the direction and degree of
symmetry, respectively. There is overestimation if a>0 and underestimation if a<0 but when a 0, the LINEX Loss Function is
approximately the Squared Error Loss Function. The posterior expectation of the LINEX Loss Function, according to [20], is

EgL(d 0) x exp(ad)Eg(exp( aB)) a(f Eq(0)) 1. (11)

The Bayes Estimator of 0, represented by 8z under LINEX Loss Function, is the value of ®which minimizes equation (11) and is
given as

~ 1
Op, = alnEg(exp( af)).

Provided E4(exp( aB)exists and is finite. The Bayes Estimatoriig;of a function
u =u(exp( aop),exp( aoy),exp( af))is given as

i, = E(exp( aop),exp( aoy),exp( ap)|t)

_ [[ulexp( aop),exp( aoy),exp( aB)]m (0)d6
[f (op, 04, B)dopdoydp '

From (12), it can be observed that ratio of integrals which cannot be solved analytically and for that we employ Lindley’s
approximation procedure to estimate the parameters. Lindley considered an approximation for the ratio of integrals for evaluating
the posterior expectation of an arbitrary function n(@) as

_ Ju(@®)v(0)[L(6)]d6
O =" o @ae

According to [24], Lindley’s expansion can be approximated asymptotically by

(12)

0 = u + = [u2000200 + 0200020 + Uo028002] + U100P1000200 + Uo10P0108020 T+ U001P0015002

2
1
+ > [L300u10062200 + Lozoto106% 50 + L003u00262002] ) (13)
wherelL is the log-likelihood function in equation (6),
Ju
u(op) = exp( aop),ujgo = o = aexp( aop),
Op
0%u
2
Uygg = —— = a-ex aop),
200 920, p( D)

Ug1o = Ugz0 = Ugo1 = Ugoz = 0,

ou
u(oy) = exp( aoy),ugip = 6_ = aexp( aoy),
Oy
2%u
Upzo = m = a? exp( aoy),

Ujpp = Ugor = Uzpo = Ugoz = 0
ou

u(B) = exp( aP), ugp; = B = aexp( ap),

0%u
Ugoz = 57, = @’ exp( ap),

Ugpp = Ug10 = Uz00 = Ugz0 = 0,
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p(op, oy, B) = 1op*) 1noy*c) 1n(B*),
dap 1
P1o0 = E = m,
ap 1
Po1o = a = ?'
ap 1
Poo1 = % = ﬁ,
8200 = ( L200) ™" 8020 = ( Loz0) ™ 8002 = ( Loo2) ™
L my AN o, (nY AN g
002 = 92 = <,32) O_szl' (L) (ﬁ2> UHZ%’ (l Wj) )
= =

m

toos =535 =2(37) 7,2 i +2(35) %Zyiﬁ(lef,

0L

i=1

m 2 Yie1 xiﬁ

L200 - 620'D O-DZ O-D3 ’
azL n 7=1y]'8
Lozo = 920, = 032 2 ond
d3L moxP
Lago = 2l g qRim e ,
300 630'D O-DB O_D4
63L n 7=1yjﬁ
andL030=W= 20_3+6 0_4 N
H H H

Bayesian Estimation of AUC using LINEX Loss Function is given as

== 1 ~ OupL

AUCg, = ———— , W ereb ==
BL BL

1+ bgy, ODBL

2.2.2 General Entropy Loss Function

Another useful Asymmetric Loss Function is the General Entropy (GE) Loss which is a generalization of the Entropy Loss and is

given as

k

L(D e)oc@) kl n(%) 1.

The Bayes Estimator 8 of @under the General Entropy Loss is

Bac =[Es(0~)] %

provided Eg (6~ )exists and is finite.

The Bayes Estimator for this Loss Function is

fige = E{ulop™

“ on7%, B7HIE}

_ [ ulop™,047%, B~ 7 (0p, 04, B)dopdoydp

ffﬂ (op,on, B)dopdoydf
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Applying the same Lindley approach here as in (13) with %100, »200, #010, 020 and u001, u002 are the first and second
derivatives for o , agand f, respectively, and are given as

ou
u = [op7%],uy00 = E = klop 1],

0%u
2 —k-2
Upoo =5—= ( k k)op )
2
a O-D
Ug10 = Ugz0 = Ugo1 = Ugoz = 0,

ou
u = [oy7 ], up0 = E = klog™*1],

0%u

Up20 :%: ( k* K)oy *72

Ujpo = Uz00 = Ugo1 = Ugoz = 0,
ou
= —k =—= k —-k-1
u=I[f""lu, FT; B,
0%u
2 = 5o

and Uqp9 = Ug109 = Uzp0 = Ugzo = 0.

= (k2 p

Bayesian Estimation of AUC using the General Entropy Loss is given as

—_— 1 ~ Oupa
AUCg; = ——— ,w erebg; = —=
BG BG
1+ bpg OpBG

2.2.3 Symmetric Loss Function

The Squared Error Loss is given by

~ ~ 2
LB 0)x (8 o).
This Loss Function is symmetric in nature, that is, it gives equal weightage to both over and under estimation.

In real life, we encounter many situations where overestimation may be more serious than underestimation or vice versa.

The Bayes Estimator #igg of a function u = u(op, gy, f)of the unknown parameters under Square Error Loss Function (SELF)is the
posterior mean, where

JJ ulo,B1m (op, 0y, B)dopdoydp

JI 7 (op, 04, B)dopdaydp
Applying the same Lindley approach here as in (13) where 100, 2200, ©010, 020 and u001, u002 are the
first and second derivatives for ap , ozand g, respectively, and are given as

ou
u = O-D, uloo = _ao_ S 1,
D

tigs = E{ulop, oy, BlIt} =

Ug1o = Ugo1 = Uzp0 = Ugz0 = Ugoz = 0,

Ju
u = oy, Upg10 = _aO' = 1,
H

Ujpo = Ugo1 = Uz00 = Uoz0 = Ugoz = 0,
ou
u = f,Upo1 =ﬁ= 1,
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and Uigo = Up1o = Uz00 = Uo20 = Ugoz = 0.
Bayesian Estimation of AUC using The Squared Error Loss is given as

S 1 ~ OuBs
AUCgg = ——— ,w erebgs = ——.
BS BS
1+ bgs ODpBs

3.  Simulation Study

Simulation studies are conducted with different combinations of scale and shape parameters of both diseased and non-diseased
populations. At every parameter combination and sample size, the AUC is obtained. The main purpose of conducting simulations is
to show how the AUC of ROC curve possesses different values as the scale and shape parameters of the normal and abnormal
distributions change.

The AUC has been computed through different methods via MLE and Bayesian Estimation using Extension of Jeffreys’ Prior
Information obtained from Lindley’s approximation procedure with three Loss Functions.

In our Simulation study, we chose a sample size of n=25, 50, and 100 to represent small, medium, and large dataset. The assumed
scale and shape parameters of both populations areg, = oy = 0.5 and 1.5, = 0.8 and 1.2. The values of Jeffreys’ Extension are
¢ = 0.4 and 1.4. The values for the Loss parameters (a, k) are a=k=+0.6 and £1.6.

In Table 1 we present the estimated values for AUCfor both the Maximum Likelihood Estimation and Bayesian Estimation using
anextension of Jeffrey’s prior information with the three loss functions.

Table 1 Estimated values for AUC

AUCp, AUCp; AUCy,  AUCy; AUCy, — AUCy;  AUCp,  AUCk
a=k=0.6 a=k=-0.6 a=k=1.6 a=k=-1.6

1.5 05 08 04 0.6518 0.7641 0.3251 0.3352 0.6588 0.6684 0.0961 0.1438 0.8353  0.8693

1.5 05 1.2 1.4 0.6492 0.7629 0.3276 0.3360 0.6574 0.6675 0.1019 0.1446 0.8339  0.8681

(m, n) ap oy p c AUCy,; AUCpgg

(25.25) 1.5 0.5 0.8 04 0.6620 0.7734 0.3271 0.3266 0.6620 0.6757 0.1095 0.1299 0.8459 0.8778
1.5 0.5 1.2 14 0.7641 0.7777 0.3283 0.3199 0.6628 0.6798 0.1144 0.1193 0.8495 0.8800

1.5 0.5 0.8 04 0.7482 0.7494 0.3510 0.3414 0.6460 0.6586 0.1584 0.1478 0.8287 0.8523

(50.50) 1.5 0.5 1.2 14 0.8011 0.7423 0.3535 0.3446 0.6437 0.6540 0.1626 0.1507 0.8251 0.8438

’ 1.5 0.5 0.8 04 0.7402 0.7585 0.3468 0.3350 0.6505 0.6652 0.1521 0.1387 0.8364 0.8619

1.5 0.5 12 14 0.7529 0.7648 0.3402 0.3301 0.6551 0.6699 0.1387 0.1319 0.8414 0.8681

1.5 0.5 0.8 04 0.7063 0.7509 0.3511 0.3408 0.6467 0.6596 0.1597 0.1473 0.8308 0.8541

(100,100) 1.5 0.5 12 14 0.8021 0.7466 0.3539 0.3425 0.6448 0.6569 0.1655 0.1485 0.8289 0.8489

1.5 05 08 04 0.6719 0.7561 0.3478 0.3372 0.6498 0.6633 0.1540 0.1424 0.8356  0.8598
1.5 05 12 14 0.8078 0.7556 0.3502 0.3360 0.6487 0.6634 0.1597 0.1393 0.8354  0.8583
ML: Maximum Likelihood, BS: Squared Error Loss function, BL: LINEX Loss function, BG: General Entropy Loss function

From Table 1 it is observed that Bayes estimator under LINEX and General Entropy Loss functions tends to underestimate the AUC
values when loss parameters value are (0.6,1.6).

Bayes estimation with General Entropy loss function provides the highest AUC values when the loss parameter is -1.6, according to
the extension of Jeffreys prior value is 0.4 or 1.4. So that the Bayes estimators of AUC under General Entropy loss function is best
estimation method for Constant Shape Bi-Weibull Distribution.

4. Illustration

The real data set namely Coronary Heart Disease [CHDAGE] Data extracted from [29].Data consists of 100 Observations, 3
variables. For this data, we have to find estimated AUC values. This data consists of patients who are Diseased and who are Non-
diseased. We have to know the patients with Diseased and patients without Diseased and age is most influential variable for
diagnose. Table 2 depicts the Estimated AUC values using CHDAGEData.

Table 2 Estimated AUC values using CHDAGE Data

op=1.5, 64=0.5, c=0.4 6p=1.5, 64,=0.5, c=1.4
(m, n)=(43,57) $=0.8 p=1.2 $=0.8 p=1.2
MLE 0.5542 0.5792 0.5541 0.5793

BS 0.7500 0.7500 0.7502 0.7500
BL(a=k=0.6) 0.3542 0.3543 0.3540 0.3543
BL(a=k=-0.6) 0.6456 0.6456 0.6457 0.6456
BL(a=k=1.6) 0.1675 0.1679 0.1673 0.1678
BL(a=k=-1.6) 0.8318 0.8319 0.8320 0.8320
BG(a=k=0.6) 0.3410 0.3409 0.3408 0.3409
BG(a=k=-0.6) 0.6590 0.6590 0.6592 0.6591
BG(a=k=1.6) 0.1471 0.1470 0.1469 0.1470
BG(a=k=-1.6) 0.8530 0.8529 0.8532 0.8529
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From Table 2, we observe that Bayes estimation with General Entropy loss function provides the highest AUC values when the loss
parameter is -1.6, according to the extension of Jeffreys prior value is 0.4 or 1.4. So that the Bayes estimators of AUC under
General Entropy loss function is best estimation method for Constant Shape Bi-Weibull Distribution using CHDAGE Data.

To demonstrate the proposed methodology with the help of graphical visualization, Figures 1 is drawn for comparing the Estimated
AUC values under Constant Shape Bi-Weibull distribution using CHDAGE Data.

Estimated AUC values using CHDAGE Data
09 4
0.8 A
0.7 A EMLE
0.6 A
mBS
0.5 A
04 - m BL(a=k=0.6)
03 1 u BL(a=k=-0.6)
0.2 A
mBL(a=k=1.6)
0.1 A
0
1 2 3 4

Figure 1 Effect on AUC values comparing different Estimation methods

From Figure 1, it is visualized that Bayes estimation with General Entropy loss function provides the highest AUC values when the
loss parameter is -1.6.

5. CONCLUSION

The main objective of this paper is Bayesian estimation of AUC for the Constant Shape Bi-Weibull distribution, under three Loss
functions, namely, the Linear Exponential (LINEX) Loss, General Entropy Loss, and Square Error Loss functions. Also,The
Maximum Likelihood Estimation of AUC is discussed. Bayes estimators were obtained using Lindley approximation while MLE
was obtained using Newton-Raphson method.

A Simulation study was conducted to examine and compare the performance of the estimators for different sample sizes with
different values for the extension of Jeffreys’ prior and the loss functions.

We also observe that Bayes estimation with General Entropy loss function provides the highest AUC values when the loss
parameter is -1.6, according to the extension of Jeffreys prior value is 0.4 or 1.4.

So that the Bayes estimators of AUC under General Entropy loss function is best estimation method for Constant Shape Bi-Weibull
Distribution.
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