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We have considered ordinary differential equation of first order with boundary condition. These
equations have been solved by Euler’s improved method, Euler’s modified method and by Runge
— Kutta fourth order method with the help of MATLAB by us. At each point of the interval we
have calculated the value of y and compared it with its exact value at that point. Error in the value of
y is the difference between calculated and exact values. Percentage error has also been calculated at
each point of the intervals. Comparison of the results of the of the Euler’s improved method, Euler’s
modified method and by Runge — Kutta fourth order method shows that Runge — Kutta fourth order

method is better in all the cases. Mean of the results for all differential equations shows Runge —
Kutta fourth order method is times better than Euler’s improved method and Euler’s modified

method.
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INTRODUCTION

Differential equations are commonly used for mathematical
modeling in science and engineering. Many problems of
mathematical physics can be started in the form of differential
equations. These equations also occur as reformulations of
other mathematical problems such as ordinary differential
equations and partial differential equations. In most real life
situations, the differential equation that models the problem is
too complicated to solve exactly, and one of two approaches is
taken to approximate the solution. The first approach is to
simplify the differential equation to one that can be solved
exactly and then use the solution of the simplified equation to
approximate the solution to the original equation. The other
approach, which we will examine in this paper, uses methods
for approximating the solution of original problem. This is the
approach that is most commonly taken since the approximation
methods give more accurate results and realistic error
information. Numerical methods are generally used for solving
mathematical problems that are formulated in science and
engineering where it is difficult or even impossible to obtain
exact solutions. Only a limited number of differential equations
can be solved analytically. There are many analytical methods
for finding the solution of ordinary differential equations. Even
then there exist a large number of ordinary differential
equations whose solutions cannot be obtained in closed form
by using well-known analytical methods, where we have to use
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the numerical methods to get the approximate solution of a
differential equation under the prescribed initial condition or
conditions. There are many types of practical numerical
methods for solving initial value problems for ordinary
differential equations. In this paper we present two standard
numerical methods Euler improved, Euler modified method
and Runge Kutta for solving initial value problems of ordinary
differential equations[17].

From the literature review we may realize that several works in
numerical solutions of initial value problems using Euler
improved, Euler modified method and Runge Kutta method
have been carried out. Many authors have attempted to solve
initial value problems (IVP) to obtain high accuracy rapidly by
using numerous methods, such as Euler method and Runge
Kutta method, and also some other methods. In [1] the author
discussed accuracy analysis of numerical solutions of initial
value problems (IVP) for ordinary differential equations
(ODE), and also in [2] the author discussed accurate solutions
of initial value problems for ordinary differential equations
with fourth-order Runge kutta method. [3] studied on some
numerical methods for solving initial value problems in
ordinary differential equations. [4]-[16] also studied numerical
solutions of initial value problems for ordinary differential
equations using various numerical methods. In this paper Euler
improved, Euler modified method and Runge Kutta method are
applied without any discretization, transformation or restrictive
assumptions for solving ordinary differential equations in
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initial value problems. The Euler method is traditionally the
first numerical technique. It is very simple to understand and
geometrically easy to articulate but not very practical; the
method has limited accuracy for more complicated functions. A
more robust and intricate numerical technique is the Runge
Kutta method. This method is the most widely used one since it
gives reliable starting values and is particularly suitable when
the computation of higher derivatives is complicated. The
numerical results are very encouraging. Finally, two examples
of different kinds of ordinary differential equations are given to
verify the proposed formulae. The results of each numerical
example indicate that the convergence and error analysis which
are discussed illustrate the efficiency of the methods. The use
of Euler improved, Euler modified method to solve the
differential equation numerically is less efficient since it
requires h to be small for obtaining reasonable accuracy. But in
Runge Kutta method, the derivatives of higher order are not
required and they are designed to give greater accuracy with
the advantage of requiring only the functional values at some
selected points on the sub-interval. Runge Kutta method is a
more general and improvised method as compared to that of the
Euler improved, Euler modified method. We observe that in the
Euler improved, Euler modified method excessively small step
size converges to analytical solution. So, large number of
computation is needed. In contrast, Runge Kutta method gives
better results and it converges faster to analytical solution and
has less iteration to get accuracy solution. This paper is
organized as follows: Section 2: problem formulations; Section
3: error analysis; Section 4: numerical examples; Section 5:
discussion of results; and the last section: the conclusion of the
paper.

Problem Formulation

In this section we consider two numerical methods for finding
the approximate solutions of the initial value problem (IVP) of
the first-order ordinary differential equation has the form

y = (% y(x)) x e (%, %,), ¥(X)= Yo ()

where Y =dy/dx and f(x, y(x)) is a given function and

y(x) is the solution of the Equation (1). In this paper we
determine the solution of this equation on a finite interval

(XO,Xn), starting with the initial point X,. A continuous

approximation to the solution y(x) will not be obtained; instead,
approximations to y will be generated at various values, called

mesh points, in the interval(xo,xn). Numerical methods

employ the Equation (1) to obtain approximations to the values
of the solution corresponding to various selected values of

X=X,=Xo+nh, n=1,2,3, ........ The parameter h is called the step
size. The numerical solutions of (1) is given by a set of points {
(XO, yn): n=012 ... N} and each point (XO, yn) is an

approximation to the corresponding point {X, VY(x,)}on the
solution curve.

Euler Method

Euler’s method is the simplest one-step method. It is basic
explicit method for numerical integration of ordinary
differential equations. Euler proposed his method for initial

value problems (IVP) in 1768. It is first numerical method for
solving 1VVP and serves to illustrate the concepts involved in the
advanced methods. It is important to study because the error
analysis is easier to understand. The general formula for Euler
approximation is

yn+l(X) = yn (X) + hf (Xn,yn)
Improved Euler’s Method

n=0,123,.......

The improved Euler’s method gives greater improvement in
accuracy over the original Euler’s method. Here the core idea is

that we use a line through (XO, yo)whose slope is the average
of  the at (Xo., yé) and (qu yll )where
@)

y® =y, +hf(x,, y, ).This line approximates the curve in
the interval

(%),

A generalized form of Euler’s improved formula is

slopes

1(n+1) =Y, +g[f(X0’ y0)+ f(Xl, 1(”))]; n=0,1,2..........

(n

where y;" is the n"" approximation to y".

Modified Euler Method

In this method the curve in the interval (XO, X1) where X; = Xo

+ h is approximated by the line through (XO, yo)with the slope

f{xO +g,yo +g f(XO,yO)}, which is the slope as the

middle point whose abscissa is the average of X and x;

A generalized form of Euler’s improved formula is
h h
You=Ynt hf{xn +E’ Yn +E f(Xn’ yn)}

Runge-Kutta Method

This method was devised by two German mathematicians,
Runge about 1894 and extended by Kutta a few years later. The
Runge Kutta method is most popular because it is quite
accurate, stable and easy to program. This method is
distinguished by their order in the sense that they agree with
Taylor’s series solution up to terms of rh where r is the order of
the method. It do not demand prior computational of higher
derivatives of y(x) as in Taylor’s series method. The fourth
order Runge Kutta method (RK4) is widely used for solving
initial value problems (IVVP) for ordinary differential equation
(ODE). The general formula for Runge Kutta approximation is

You =Y, + (K +2k, + 2k, +k,)/6 n=0,1,2, ...
k, = hf (Xo,YO)

k, =hf(x, +h/2,y,+k /2)

ky=hf(x,+h/2,y, +k,/2)
k, = hf(x, +h,y, +k;)
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Error Analysis

There are two types of errors in numerical solution of ordinary
differential equations. Round-off errors and Truncation errors

occur when ordinary differential equations are solved

limited number of significant figures. Thus, such numbers or

cannot be represented exactly in computer memory. The
discrepancy introduced by this limitation is call Round-off
error. Truncation errors in numerical analysis arise when

approximations are used to estimate some quantity.

Table 1 (a) Numerical approximations and maximum errors for step size h = 0.1; (b) Numerical approximations and maximum
errors for step size h = 0.05; (c) Numerical approximations and maximum errors for step size h = 0.025; (d) Numerical
approximations and maximum errors for step size h = 0.0125.

la
Xn Eulel;\;ls;t?ggoved EUIEKASemgngd Runge-Kutta method Exact solution
er er er
0.1 1.005527638190955  0.000181116 1.005250000000000 9.65218E-05 1.0053464802083334 4.1605E-08 1.0053465218128410
0.2 1.023288157961525  0.000398695 1.022661643750000 0.000227819 1.0228893798037348 8.2672E-08 1.0228894624752929
0.3  1.055858923392020 0.00066696 1.054783850254688 0.000408114 1.0551918407370900 1.2303E-07 1.0551919637660336
0.4  1.106323272696838 0.00100432 1.104662546534985 0.000656406 1.1053187896458685 1.6332E-07 1.1053189529706604
0.5 1.17840998784694 0.001435015 1.175976557420941 0.000998415 1.1769747667144460 2.058E-07 1.1769749725189769
0.6 1.276670347982600 0.001991356 1.273209735845547 0.001469256 1.2746787363539485 2.5562E-07 1.2746789919776722
0.7 1.406705138261221 0.00271682 1.401871127660406 0.002117191 1.4039879953710888 3.2303E-07 1.4039883184007750
0.8 1.575458143854545 0.003670374 1.568778873945045 0.003008896 1.5717873427344033 4.2694E-07 1.5717877696756601
0.9 1.791598397496049  0.004932544 1.782428926401787 0.004236927 1.7866652528501639 6.0077E-07 1.7866658536190383
1.0 2.066021395140391 0.00661399 2.053477058070325 0.005930347 2.0594065035273252 9.0182E-07 2.059407405342576
1b
x Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
er er er
0.1  1.005527638190955  0.000181116 1.005250000000000 9.65218E-05 1.0053464802083334 4.1605E-08 1.0053465218128410
0.2  1.023288157961525  0.000398695 1.022661643750000 0.000227819 1.0228893798037348 8.2672E-08 1.0228894624752929
0.3  1.055858923392020 0.00066696 1.054783850254688  0.000408114 1.0551918407370900 1.2303E-07 1.0551919637660336
0.4  1.106323272696838 0.00100432 1.104662546534985  0.000656406 1.1053187896458685 1.6332E-07 1.1053189529706604
0.5 1.17840998784694 0.001435015 1.175976557420941 0.000998415 1.1769747667144460 2.058E-07  1.1769749725189769
0.6 1.276670347982600 0.001991356 1.273209735845547  0.001469256 1.2746787363539485 2.5562E-07 1.2746789919776722
0.7 1.406705138261221 0.00271682 1.401871127660406 0.002117191 1.4039879953710888 3.2303E-07 1.4039883184007750
0.8 1.575458143854545 0.003670374 1.568778873945045 0.003008896 1.5717873427344033 4.2694E-07 1.5717877696756601
0.9  1.791598397496049  0.004932544 1.782428926401787  0.004236927 1.7866652528501639 6.0077E-07 1.7866658536190383
1.0  2.066021395140391 0.00661399 2.053477058070325 0.005930347 2.0594065035273252 9.0182E-07  2.059407405342576
lc
Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
€r €r er
0.1 1.005357830291885  1.13085E-05  1.005340433780889  6.08803E-06 1.0053465216505684 1.6228E-10 1.005346521812841
0.2 1.022914353796902 2.48913E-05 1.022875020804634 1.44417E-05 1.0228894621535374 3.2176E-10 1.0228894624752929
0.3 1.055233598289032  4.16345E-05  1.055165966239071  2.59975E-05 1.0551919632892464 4.7679E-10 1.0551919637660336
0.4 1.105381637543546  6.26846E-05  1.105276938021313  4.20149E-05  1.105318952342068 6.286E-10 1.1053189529706604
0.5 1.177064522780308 8.95503E-05 1.176910764603475 6.42079E-05 1.1769749717346203 7.8435E-10 1.1769749725189769
0.6 1.274803233709607  0.000124242  1.274584063574121 9.49284E-05 1.2746789910151588 9.6252E-10 1.2746789919776722
0.7 1.404157780975444  0.000169463  1.403850894637291 0.000137424  1.4039883171991199 1.2017E-09 1.403988318400775
0.8 1.572016647166305  0.000228877  1.571591569133329  0.000196201 1.5717877681003285 1.5753E-09 1.5717877696756601
0.9 1.786973341559041  0.000307488  1.786388311742869  0.000277542  1.786665851402671 2.2164E-09 1.7866658536190383
1.0 2.059819568054544  0.000412163  2.059017158076531  0.000390247 2.0594074019860655 3.3565E-09 2.059407405342576
1d
x Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
€r €r er
0.1 1.005357830291885 1.13085E-05 1.005340433780889 6.08803E-06 1.0053465216505684  1.6228E-10 1.005346521812841
0.2 1.022914353796902 2.48913E-05 1.022875020804634 1.44417E-05 1.0228894621535374  3.2176E-10 1.0228894624752929
0.3  1.055233598289032 4.16345E-05 1.055165966239071 2.59975E-05 1.0551919632892464 4.7679E-10  1.0551919637660336
0.4 1.105381637543546  6.26846E-05 1.105276938021313 4.20149E-05  1.105318952342068 6.286E-10 1.1053189529706604
0.5 1.177064522780308 8.95503E-05 1.176910764603475 6.42079E-05 1.1769749717346203  7.8435E-10 1.1769749725189769
0.6 1.274803233709607 0.000124242  1.274584063574121 9.49284E-05 1.2746789910151588 9.6252E-10 1.2746789919776722
0.7 1.404157780975444 0.000169463  1.403850894637291 0.000137424 1.4039883171991199 1.2017E-09 1.403988318400775
0.8 1.572016647166305 0.000228877 1.571591569133329 0.000196201 1.5717877681003285 1.5753E-09  1.5717877696756601
0.9 1.786973341559041 0.000307488 1.786388311742869 0.000277542  1.786665851402671  2.2164E-09  1.7866658536190383
1.0 2.059819568054544 0.000412163 2.059017158076531 0.000390247 2.0594074019860655  3.3565E-09 2.059407405342576

numerically. Rounding errors originate from the fact that
computers can only represent numbers using a fixed and

The accuracy of the solution will depend on how small we
make the step size, h. A numerical method is said to be
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convergent if limmax

the approximate solution and y, denotes the exact solution. In
this paper we consider two initial value problems to verify

h—0 1<n<N

accuracy of the proposed methods.

y(Xn ) - yn| = 0. Where y(x,) denotes

size. The maximum
e =limmaxy(x. )-vV.|
r h—0 1<n<N y( n) yn|

error

is

The Approximated solution is evaluated by using Matlab
software for two proposed numerical methods at different step

defined by

Table 2 (a) Numerical approximations and maximum errors for step; size h=0.1; (b) Numerical approximations and maximum

approximations and maximum errors for step size h=0.0125.

errors for step size h=0.05 ; (c) Numerical approximations and maximum errors for step size h=0.025; (d) Numerical

2(a)
x Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
er er er
0.1 0.912895562417969  0.000613565 0.914500000000000 0.000990872  0.9135089320204528  1.9588E-07 0.913509127898782
0.2 0.848293934235273  0.000924584 0.850700872600742 0.001482354  0.8492181710604544  3.4764E-07 0.849218518702443
0.3 0.800748089814731  0.001075308 0.803539722296333 0.001716324  0.8018229448618213  4.531E-07 0.8018233979576023
0.4 0.766645102391634  0.001138484 0.769598236661347 0.001814651  0.7677830621260258  5.2403E-07  0.7677835861595071
0.5 0.743536838252785 0.001152862 0.746530852829335 0.001841152 0.7446891282464022  5.7223E-07 0.7446897004786337
0.6 0.729748710028595  0.001139693 0.732718569364669 0.001830167 0.730887796150559  6.0663E-07  0.7308884027785085
0.7 0.724140458216317 0.001110841 0.727051749410847 0.00180045 0.725250665872579 6.334E-07 0.7252512992720983
0.8 0.725954100316931  0.001072986 0.728789350891342 0.001762265  0.7270264295821635 6.5664E-07  0.7270270862176577
0.9 0.734713701937706 0.001029887 0.737464721311611 0.001721133 0.7357429095800243  6.7896E-07 0.7357435885449581
1.0 0.750156688884470  0.000983663 0.752820255668837 0.001679904  0.751139649932897  7.0203E-07  0.7511403519579868
2b
X Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
er er er
0.1  0.913356811939163  0.000152316 0.913738631698013  0.000229504  0.9135091213176563 6.5811E-09  0.913509127898782
0.2  0.848988703507972  0.000229815 0.849562976531398  0.000344458  0.8492185048488676 1.3854E-08  0.849218518702443
0.3  0.801555877470118 0.00026752 0.802223388565394  0.000399991  0.8018233782217195 1.9736E-08 0.8018233979576023
0.4  0.767500162569478  0.000283424 0.768207590571715  0.000424004 0.7677835620326319 2.4127E-08 0.7677835861595071
0.5  0.744402559006383  0.000287141 0.745120887406124  0.000431187  0.7446896730961782 2.7382E-08  0.7446897004786337
0.6  0.730604440423619  0.000283962 0.731317887808574  0.000429485  0.7308883728944706 2.9884E-08 0.7308884027785085
0.7 0.724974452946591  0.000276846 0.725674565817607  0.000423267  0.7252512673367656  3.1935E-08  0.7252512992720983
0.8 0.726759622920496 0.000267463 0.727442024142068 0.000414938  0.7270270524626191  3.3755E-08 0.7270270862176577
0.9  0.735486833056157  0.000256755 0.736149394556421  0.000405806  0.735743553051839  3.5493E-08 0.7357435885449581
1.0  0.750895096249189  0.000245256 0.751536906604233  0.000396555  0.7511403147092988  3.7249E-08  0.7511403519579868
2¢C
Xn Eulel;\;ls;t?ggoved EUIEKASemgngd Runge-Kutta method Exact solution
€r €r er
0.1  0.913356811939163 0.000152316  0.913738631698013  0.000229504  0.9135091213176563  6.5811E-09  0.913509127898782
0.2  0.848988703507972 0.000229815  0.849562976531398  0.000344458  0.8492185048488676  1.3854E-08  0.849218518702443
0.3  0.801555877470118  0.00026752  0.802223388565394  0.000399991  0.8018233782217195  1.9736E-08  0.8018233979576023
0.4  0.767500162569478 0.000283424  0.768207590571715  0.000424004  0.7677835620326319  2.4127E-08  0.7677835861595071
0.5  0.744402559006383 0.000287141  0.745120887406124  0.000431187  0.7446896730961782  2.7382E-08  0.7446897004786337
0.6  0.730604440423619 0.000283962  0.731317887808574  0.000429485  0.7308883728944706  2.9884E-08  0.7308884027785085
0.7 0.724974452946591 0.000276846  0.725674565817607  0.000423267  0.7252512673367656  3.1935E-08  0.7252512992720983
0.8 0.726759622920496  0.000267463  0.727442024142068 0.000414938 0.7270270524626191 3.3755E-08  0.7270270862176577
0.9  0.735486833056157 0.000256755  0.736149394556421  0.000405806 0.735743553051839 3.5493E-08  0.7357435885449581
1.0  0.750895096249189 0.000245256  0.751536906604233  0.000396555  0.7511403147092988  3.7249E-08  0.7511403519579868
2d
x Euler's Improved Euler's Modified Runge-Kutta Exact solution
" Method Method method
€r €r er
0.1 0.913499628980365  9.49892E-06  0.913522646732717  1.35188E-05  0.9135091278869912  1.1791E-11 0.913509127898782
0.2 0.849204181085019  1.43376E-05  0.849238872455001  2.03538E-05  0.8492185186679586  3.4485E-11 0.849218518702443
0.3 0.801805877470118  1.75205E-05  0.801847096047129  2.36981E-05  0.8018233979021255  5.5477E-11  0.8018233979576023
04 0.767740162569478 4.34236E-05  0.767808764293526 2.51781E-05 0.7677835860871474 7.236E-11 0.7677835861595071
0.5 0.744685559006383 4.14147E-06  0.744715355453644 2.5655E-05 0.7446897003930565 8.5577E-11 0.7446897004786337
0.6 0.73088960423619 1.20146E-06 ~ 0.730913999935655  2.55972E-05  0.7308884026823441  9.6164E-11  0.7308884027785085
0.7 0.725274452946591 2.31537E-05  0.725276562956256 2.52637E-05 0.7252512991670091 1.0509E-10 0.7252512992720983
0.8 0.727059622920496 3.25367E-05  0.727051884359835 2.47981E-05 0.7270270861045542 1.131E-10 0.7270270862176577
0.9 0.735786833056157 4.32445E-05  0.735767867647858 2.42791E-05 0.7357435884242071 1.2075E-10 0.7357435885449581
1.0 0.751125096249189 1.52557E-05  0.751164100109758 2.37482E-05 0.751140351829581 1.284E-10 0.7511403519579868
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Numerical Examples

In this section we consider two numerical examples to prove
which numerical methods converge faster to analytical
solution. Numerical results and errors are computed.

Example 1: we consider the initial value problem

y'(x)z X® + Xy, y(0)=1 on the interval 0<x<1. The
exact solution of the given problem is given by

IR X A .
X)=.,—e ?erf| ——=+e 72 —x |. The approximate
700 e o e

results and maximum errors are obtained and shown in Tables
1(a)-(d).

Example 2: we

' 2
y (x)=xy-y?,
exact solution of

20"

J2rerf (\/XE] +2

maximum errors are obtained and shown in Tables 2(a)-(d).
DISCUSSION OF RESULTS

The obtained results are shown in Tables 1(a)-(d) and Tables
2(a)-(d). The approximated solution is calculated with step
sizes 0.1, 0.05, 0.025 and 0.0125 and maximum errors also are
calculated at specified step size. From the tables for each
method we say that a numerical solution converges to the exact
solution if the step size leads to decreased errors such that in
the limit when the step size to zero the errors go to zero. We
see that the Euler improved, Euler modified method
approximations using the step size 0.1 and 0.05 does not
converge to exact solution but for step size 0.025 and 0.0125
converge slowly to exact solution. Also we see that the Runge
Kutta approximations for same step size converge firstly to
exact solution. This shows that the small step size provides the
better approximation. The Runge Kutta method of order four
requires four evaluations per step, so it should give more
accurate results than Euler improved, Euler modified method
with one-fourth the step size if it is to be superior. Finally we
observe that the fourth order Runge Kutta method is
converging faster than the Euler improved, Euler modified
method and it is the most effective method for solving initial
value problems for ordinary differential equations.

CONCLUSION

In this paper, Euler improved, Euler modified method and
Runge Kutta method are used for solving ordinary differential
equation (ODE) in initial value problems (I\VVP). Finding more
accurate results needs the step size smaller for all methods.
From the figures we can see the accuracy of the methods for
decreasing the step size h. The numerical solutions obtained by
the three proposed methods are in good agreement with exact
solutions. Comparing the results of the three methods under
investigation, we observed that the rate of convergence of Euler
improved, Euler modified method is O(h) and the rate of
convergence of fourth-order Runge Kutta method is O(h*) . The
Euler improved, Euler modified method was found to be less

consider the initial value problem

y(0)=10n the interval O<x<1. The
the given problem is given by

. The approximate results and

y(x) =

accurate due to the inaccurate numerical results that were
obtained from the approximate solution in comparison to the
exact solution. From the study the Runge Kutta method was
found to be generally more accurate and also the approximate
solution converged faster to the exact solution when compared
to the Euler improved, Euler modified method. It may be
concluded that the Runge Kutta method is powerful and more
efficient in finding numerical solutions of initial value
problems (IVP).
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