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ZEROS OF POLYNOMIALS
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ARTICLE INFO ABSTRACT

In this paper we find regions containing all or a specific number of zeros of a polynomial in which
the real and imaginary parts of  the coefficients satisfy some restricted conditions.
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R being any positive number.

MAIN RESULTS

In this paper we prove the following results:

Theorem 1: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that for some 10,  n and for some ,1;1  k

  aaaak nn   11 ......

and for some real ,, 

nja j ,......,1,,
2

arg  


 .

Then all the zeros of P(z) lie in

]sin2))1sin(cos)cos(sin[
1

)1(
1

1






n

j
jn

n

aLak
a

kz


  ,

where

....... 001211 aaaaaaaL   

Theorem 2: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that for some 10,  n and for some ,1;1  k

  aaaak nn   11 ......

and for some real ,, 

nja j ,......,1,,
2

arg  


 .



International Journal of Recent Scientific Research Vol. 8, Issue, 2, pp. 15562-15570, February, 2017

15564 | P a g e

Then the number of zeros of P(z)  in 1,0  c
c

R
z

X

a
is less than or equal to

0

log
log

1

a

A

c
for 1R and the number of

zeros of P(z)  in 1,0  c
c

R
z

Y

a
is less than or equal to

0

log
log

1

a

B

c
for 1R , where

LakaRRaX nn
nn

n  
  )1sin(cos)1sin(cos[1

]sin2
1

1
0 






n

j
jaa



 ,

LakaRRaY nn
n

n  
  )1sin(cos)1sin(cos[1

0

1

1

)1(]sin2 aRa
n

j
j  





 ,

LakaRRaA nn
nn

n  
  )1sin(cos)1sin(cos[1

]sin2
1

1






n

j
ja



 ,

LakaRRaB nn
n

n  
  )1sin(cos)1sin(cos[1

0

1

1

)1(]sin2 aRa
n

j
j  





 .

For different choices of the parameters in Theorems 1 and 2, we get many interesting results. For example takIng 1 in Theorem
1, we get the following result:
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Corollary 3: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that  for some ,1;1  k

  aaaak nn   11 ......

and for some real ,, 

nja j ,......,1,,
2

arg  


 .

Then all the zeros of P(z) lie in

]sin22)1()sin(cos)cos(sin[
1

)1(
1

1
000 






n

j
jn

n

aaaaak
a

kz


 ,

Taking 1 in Theorem 2, we get the following result:

Corollary 4: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that for some 10,  n and for some ,1k

 aaaak nn   11 ......

and for some real ,, 

nja j ,......,1,,
2

arg  


 .

Then the number of zeros of P(z)  in 1,0  c
c

R
z

X

a
is less than or equal to

0

log
log

1

a

A

c
for 1R and the number of

zeros of P(z)  in 1,0  c
c

R
z

Y

a
is less than or equal to

0

log
log

1

a

B

c
for 1R , where

LakaRRaX nn
nn

n   )sin(cos)1sin(cos[1  

]sin2
1

1
0 






n

j
jaa



 ,

LakaRRaY nn
n

n   )sin(cos)1sin(cos[1  

0

1

1

)1(]sin2 aRa
n

j
j  





 ,

LakaRRaA nn
nn

n   )sin(cos)1sin(cos[1  

]sin2
1

1






n

j
ja



 ,

LakaRRaB nn
n

n   )sin(cos)1sin(cos[1  

0

1

1

)1(]sin2 aRa
n

j
j  





 .

Taking 1 k in Theorem 2, we get the following result:

Corollary 5: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that for some 10,  n ,

 aaaa nn   11 ......



International Journal of Recent Scientific Research Vol. 8, Issue, 2, pp. 15562-15570, February, 2017

15566 | P a g e

and for some real ,, 

nja j ,......,1,,
2

arg  


 .

Then the number of zeros of P(z)  in 1,0  c
c

R
z

X

a
is less than or equal to

0

log
log

1

a

A

c
for 1R and the number of

zeros of P(z)  in 1,0  c
c

R
z

Y

a
is less than or equal to

0

log
log

1

a

B

c
for 1R , where

LaRRaX n
nn

n   )sin(cos)cos(sin[1  

]sin2
1

1
0 






n

j
jaa



 ,

LaRRaY n
n

n   )sin(cos)cos(sin[1  

0

1

1

)1(]sin2 aRa
n

j
j  





 ,

LaRRaA n
nn

n   )sin(cos)cos(sin[1  

]sin2
1

1






n

j
ja



 ,

LaRRaB n
n

n   )sin(cos)cos(sin[1  

0

1

1

)1(]sin2 aRa
n

j
j  





 .

Taking R=1 and 10,
1

 


c in Theorem 2, we get the following result:

Corollary 6: Let 



n

j

j
j zazP

0

)( be a polynomial of degree n such that for some 10,  n and for some ,1;1  k

  aaaak nn   11 ......

and for some real ,, 

nja j ,......,1,,
2

arg  


 .

Then the number of zeros of P(z)  in 10,0  z
X

a
is less than or equal to

0

log
1

log

1

a

A



, where

LaaX nn    )1sin(cos)sin(cos







1

1
0 sin2

n

j
jaa



 ,

LaaA nn    )1sin(cos)sin(cos ]sin2
1

1






n

j
ja



 .

Lemmas
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The above lemma is due to Govil and Rahman [4].
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Lemma 2 is the famous Jensen’s Theorem (see page 208 of [1]).
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This shows that those zeros of F(z) whose modulus is greater than 1 lie in
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Since the zeros of F(z) whose modulus is less than or equal to 1  already satisfy the above inequality and since the zeros of P(z) are
also the zeros of F(z) , it follows that all the zeros of P(z) lie in
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That proves Theorem 1.

Proof of Theorem 2: Consider the polynomial
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Thus, for 1R , we have, by using the Lemma
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=Y.

Since G (z) is analytic for 0)0(,  GRz , it follows by Schwarz Lemma that for Rz  ,
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Hence , by using Lemma 3, it follows that the number of zeros of F(z) and therefore P(z)  in
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That completes the proof of Theorem 2.
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