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INTRODUCTION

n
In connection with the famous Enestrom-K akeya Theorem [9,10] which states that all the zeros of a polynomial P(z) = Z a, z!
j=0

witha, 28, >.....2 8 >a, >0 liein |Z| <1, thefollowing results were recently proved by Gulzar et al [6,7] :
n

Theorem A: Let P(2) = Zajz' be apolynomial of degree n with Re(a;) =a;, Im(a;) =b;,
i=0

] =012,......,n suchthat for some | ,MO<| <N-1,0<m<n-1 andfor somek;,k, <Lt t,>1

ka,<a,,<...<ta,

k,b, <b ,<...<t,b,,

and

L=la, —a, 4| +[a, 4 —a, ,|+...+fa,—a,|+fa,l,

M =|b,—b,[+[b,,—b

Then all the zeros of P(z) liein

,_A-k)a, +id-ky)b,
a, |

£|a—[t1(a, +a, P+t (b, + o) =[a, [~ |b—ka, — kb, +L+M].

o
n .

Theorem B: Let P(2) = Zaj z' be apolynomial of degree N with Re(a;) =a;, Im(a;) =b;,
=

] =012,......,n suchthat for some | ,mMO<| <n-1,0<m<n-1 andfor somek,,k, <It,,t,>1
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ka,<a,,;<...<t;a,
k,b,<b, , <...<t,b,,
and

=la, —a, +fa; 1 —a, |+ tfa, —ag] +]ag),
= [y = b a| # [0y = D[+ et |y = D] +[Dg),
[3]

_ R 1
Then the number of zero of P(z) in < |Z| < —,C>lisless than or equal to——— | IOg| for R>1and the number of
c ogc

a|
2|

_ R _ 1
zeros of P(2) in S|Z|S—,C>1|slmsthanorequal to |Og for R<1, where
Cc

Iaol
=|a,[R™ + R”[Ian|+|bn|—kl((lan|+an)—k2(|bn|+ bn)+t1(|a| |+a,)
+t,(b,|+b) - |- ~lao|—[bof.
=la,|R™ + Rlfa,|+|b,| - ky(a,|+a,) -k, (b,|+b,) +t (&, [+a,)
+t (b +b) —fa | =0 + L+M]-(1-R)(a,|+|b,)).
A=|a |R™ +R"a,|+|b,| -k (a,|+a,)-k,(b,|+b,) +t.(a,|+a,)
+t, (b, +by) -[a, |-
=|a,[R™ + Rlfa,|+|b,| -k (a,|+a,) -k, (b, |+ b))+t (&, [+a, )
+t,(by|+b)—[a, |-

R being any positive number.

MAIN RESULTS

In this paper we prove the following results:

n .
Theorem 1: Let P(2) = Zaj Z' be apolynomial of degree n such that for some | ,0<| <n-1andfor somek <1t >1,
i—0

kla,| <[ans| < .. <oy Lo <t]ay |
and for someread a,b,

p

‘argaj—b‘Sas?j:I,l +1......, n.

Then all the zeros of P(2) liein

12— (1-K)| < a |[k| .|(sina —cosa) +tfa, |(cosa +sina +1)) -|a, |+ L + 2sina Z‘a ‘]
where o

L:|a| —a|71|+|a,,1—a|,2|+ ...... +|ai—a0|+|ao|

n
Theorem 2: Let P(2) = Zai Z' be apolynomial of degree n such that for some | ,0<| <n-1 andfor somek <1t >1,
i=0

kla,| <lans| < ... <oy Lo <t]ay |

and for someread a,b,

‘argaj—b‘Sas%,j:I,l +1,......, n.
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;U

Then the number of zeros of P(z) in |a0| |Z| < —,C>1lisless than or equa to—— Iog for R>1and the number of
X c Iogc |
R 1 B
m < |Z| < —,C> lislessthan or equal to ——log— for R<1, where
c logc  |ay|

X =|a, |R“*1+ R”[|a |—k|an|(cosa ~sina +1)-tfa, |(cosa —sina -1 —[a, [+ L

zerosof P(2) in

~[ay|

j=l +1
=l|a,[R™ + R[|an| k|an|(cosa —sina +1)-tfa, |(cosa —sina -1 —[a, |+ L

n-1
+2sina ) la, ‘] -(1-R)ay|.

j=l +1

A=|a |R™ +R"[|a,|-Ka,|(cosa —sina +1) -t [a, |(cosa —sina -1) —[a, |+ L
+2sina niaj‘],
j=l +1
=|a,|R™ + Rl|a,| - K|a,|(cosa —sina +1) -t [a, |(cosa —sina -1)—ja, |+ L

n-1
+2sina ) la, ‘] - (1-R)ay|.

j=l +1

For different choices of the parametersin Theorems 1 and 2, we get many interesting results. For exampletaking t = lin Theorem
1, we get the following result:

n .

Corollary 1: Let P(2) = Zasz be a polynomial of degree N such that for some | ,0<| < n—1 and for somek <1,
i—0

kla,| <[4 < ... <fay | <o |

and for someread a,b,

‘argaj—b‘Sas%,j:I,l +1,......, n.

Then all the zeros of P(z) liein

z-(1-Kk)| < [k| .|(sina —cosa) +|a, |(cosa +sina) + L +2sina Z‘a ‘]

| | j=l +1
where

L:|a| —a|71|+|a,,1—a|,2|+ ...... +|ai—a0|+|ao|
Taking K =t = 1in Theorem 1, we get the following result:

n
Corollary 2: Let P(2) = Zasz be a polynomial of degree n such that for some | ,0<| <n-1, ,
j=0

la,| <lay| < <o | <o ]

and for somerea a,b,

‘argaj—b‘Sas%,j:I,l +1,......, n.

Then all the zeros of P(2) liein

|7 < 2 |[k| .|(sina —cosa)+|a, |(cosa +sina)+L+2sina Z‘a ‘]
j=l +1

where
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L:|a| —a|71|+|a,,1—a|,2|+ ...... +|ai—a0|+|ao|
Taking | = 0inTheorem 1, we get the following result:

Corollary 3: Let P(2) = Zn:aj z! be apolynomial of degree nsuch that for somek <1;t >1,
=0
kla,| <[ans| < ... <oy o <t]ay |

and for somerea a,b,

p

‘argaj—b‘SasE,j:I,l +1,......, n.
Then all the zeros of P(z) liein
n-1
z—(1-k)| < |al|[k|an|(sina —cosa )+t |a,|(cosa +sina) + (1-t )|a,| + 2a,| + 2sina Z‘aj ‘],
n j=l +1

Takingt = 1in Theorem 2, we get the following result:

n
Corollary 4: Let P(2) = Zai Z' be apolynomial of degree n such that for some | ,0<| < n-1 and for somek <1,
j=0

kla,| <[a,4| < .. <fay | <o |

and for somerea a,b,

‘argaj—b‘SasBj:I,l +1,......, n.

>
3

Then the number of zeros of P(z) in 7 < |Z| <

for R>1and the number of

olxm

. 1 A
,C > lisless than or equal to———log—
logc " |ay|

2|

. R ) 1 B
zerosof P(z) in 7 < |Z| < —,C > lislessthan or equal to ——log—
c C

2|
X =|a,|R™ + R"[|a,| - k|a,|(cosa —sina +1) -|a, |(cosa —sina) + L

1,
Y =|a,|R™ + Rl|a,| - K|a,|(cosa —sina +1) -|a, |(cosa —sina) + L

n-1
+2sina Y [a;[]- (1- R)fay|,
L

=l +

for R<1, where

~|ag|+2sina i‘ai

j=l +1

A=|a |R™ +R"[|a,|-ka,|(cosa —sina +1) -|a, |(cosa —sina)+ L

n-1
+2sina _ZLaj i
j=l +

B =la,|R™ + Rl|a,| - K|a,|(cosa —sina +1) -|a, |(cosa —sina) + L

n-1
+2sina Y la, ‘] - (1-R)ay|.
L

=l +

Takingk =t = 1in Theorem 2, we get the following result:

n .
Corollary 5: Let P(z) = Zasz be a polynomial of degree N such that for some | ,0<| <n-1,
j=0

la,| <la,y|< <oy 4| <o ]
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and for somerea a,b,

‘argaj—b‘Sas%,j:I,l +1,......, n.
ay| R _ 1 A
Then the number of zeros of P(z) in — < |Z| <—,c>lisless than or equal to——log— for R>1and the number of
X c logc " |ay|
R 1 B
zeros of P(2) in m < |Z| <—,C>lislessthan or equal to ——log— for R<1, where
Y c logc ~ |ay)|

X =|a,|R™ + R"[|a,|(sina —cosa) —|a, |(cosa —sina)+ L

n-1
—|ag| + 2sina .Z‘aj 1.

j=l +1
Y =|a,|R™ + Rl|a,|(sina —cosa) -|a, |(cosa —sina) + L

n-1
+2sina Z

j=l +

a,]- - R)fay|.
L
IR™ + R"[|]a,|(sina —cosa) —|a, |(cosa —sina) + L
+2sina ) |a; ‘],
j=l +1

R™ + R|a,|(sina —cosa)-|a, |(cosa —sina) + L

+2sina Y |a; ‘]—(1— R)|a,|.
j L
: 1 . :
TakingR=1and C = E,O< d <1 in Theorem 2, we get the following result:

n .
Corollary 6: Let P(z) = Zasz be a polynomial of degree N such that for some | ,0<| < n—1andfor somek <1t >1,
i—0

kla,| <[ans| < . <oy Lo <t]ay |

and for someread a,b,

‘argaj—b‘Sas%,jzl,l +1......, n.

! Iogﬁ,where

Then the number of zeros of P(z) in %S |Z| <d,0<d < lislessthan or equal to
log—
gd

X =|a,|-|a,|(cosa —sina) -t fa, |(cosa —sina —1) —[a, |+ L

~|ag|+ 2sina i‘aj‘,
j=l +1
A=|a,|-|a,|(cosa —sina) -t fa, [(cosa —sina -1 -fa, [+ L +2sina ni‘aj il
j=1 +1
Lemmas o

For the proofs of the above results, we need the following lemmas:
Lemma 1: For any two complex numbers b, , b, such that |b1| > |b2| and ‘argbj - b‘ <a < %, j=12

for somerea a,b ,
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b, —b,| < (Jbo,| - |b,[) cosa + (Jby| + |b,))sina .
The above lemmais due to Govil and Rahman [4].
Lemma 2: Let f(z) (not identically zero) be analytic for |Z| <R f(0)=0ad f(a)=0, k=12,....., N. Then

1 (2 iq R R
2p jo log| f (Re""|dq — log| f (0)| ;mg‘aj‘ .
Lemma 2 is the famous Jensen’s Theorem (see page 208 of [1]).

Lemma 3: Let f (2) be anaytic for |Z| <R, f(0)#0 and |f(Z)| <M for |Z| < R. Then the number of zeros of f(z) in

1 M
Iogc m

Lemma 3 is a simple deduction from Lemma 2.

Z <B ,C>1 doesnot exceed ——
C

PROOFS OF THEOREMS

Proof of Theorem 1: Consider the polynomial

F(2)=1-2P(2
=(l-2(a,z"+a 2" +...+az+a,)

| |
=-az"+(a, - nl)z Font (@, —a)2 M+ (8 —a )2

n+1

= —(k-Da z"+(ka,—-a, ,)z"+(a_,-a ,)z""...+(a ,~ta )z "
+(t ~Da, 2" +(a —a )2 +....+(a, —3,)z+4a,

1 .
For |Z|>1so that —J.<ZL‘v’j =12......., N, we have, by using the hypothesis and the Lemma

IF(2)|2]a,z+ (k-Da,|Z" -[|ka, —a,,|Z" +|a,, —a nz||z|”_1 ..... +|a|+1—ta1||z||+1
+h =Ya |2 +la —a g+t~ ag|2d+ ol

g2+ (k- Da| (ke -, |+ 2

aa-tal C-Daf ja-asf  |a-al b
+ n-l -1 + n-l -1 n-l T n-1
4 2 2 ER
=14"la,z+ (k—Da,|—{|ka, — a,| +|a,, —a, ,|+ ...
+lay . —ta [+t —Dla [+[a —a 4|+ +]a, — 8| ]3]
=14"la,z+ (k—Da,|-{(a,.| - Ka,|) cosa + ([a, |+ k [a,[) sina
+(|a, o —[a, 1)) cosa + (&, ,|+|a, 1) sina +......

el

ot (t |2y |~ [ay o) cOSR + (t |3, [+]a) 1)) SiNA + (t —D)|a |
+lay —ay |+t |a, — Bg |+ [ag ]

=14"lJa,z— (1 k))a,|-{k|a,|(sina —cosa) +t [a, |(cosa +sina —1)

~la, |+ L+2sina Z‘a }]

j=l+1

>0
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la,z—(1-k)a,| > kla,|(sina —cosa) +t [a, |(cosa +sina +1)) -|a, |+ L+ M2sina .nl‘aj‘

j=l +1

i.e if
12— (1—K) >ﬁ[k|an|(sina —cosa)+ta, |(cosa +sina +1))-fa, |+ L+2sina M‘aj ‘].
j=1 +1
This shows that thr;)se zeros of F(z) whose modulusis greater than 1 liein o
1 . . . nt
12— (1-K)| >m[k|an|(sma —cosa)+tla, |(cosa +sina +1))-fa, |+ L+2sina jzl;‘laj ‘].

Since the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality and since the zeros of P(z) are
also the zeros of F(2) , it follows that all the zeros of P(z) liein

12— (1-K)| >ﬁ[k|an|(sina —cosa)+tla, |(cosa +sina +1))-fa, |+ L+2sina E‘aj ‘].
n j=l+1

That proves Theorem 1.

Proof of Theorem 2: Consider the polynomial
F(2)=(1-2P(2)

=-a,z2" - (k-Da,z"+(ka, -a,,)2"+(@,,-a,,)2" ...+ (a ,, ~ta )z "
+t -Da zZ M+ —a )2 +....+(a —a,)z+a, .
=G(2)+4a,

where

G(2=-a,z"" -(k-Da,z"+(ka,-a ,)z"+(a, ,—a ,)z" " ...+ (a ,—ta )z "

+t -Da zZ "t +(@ —a )2 +...+(a—a,)Z.
For |Z| = R, we have, by using the hypothesis
G(2) < |an||z|”+1 +(1-K)a,||7" +|ka, —a,4]Z" +|a,. - an_2||z|”_l ...... +la .. —ta ||z|I "

<la,|R™ + (1-K)[a,|R" + |ka, —a, ,|R" +|a, , — &, ,[R" ...+ |3, —ta [R'™

Thus, for R>1, we have, by using the Lemma
G(2)| < [a,|R™ + R"[(A-K)|a, |+ |ka, —a, 4|+ |a, s — &y o| + .t |3y, —ta |

+t -Dla |+|a —a o+ ta, — ]
<la,|R™ + R"[A-K)|a,|+ (&, 4| — K[a,|) cosa + (|, | + kla,[) sina
+(|a, .| —[a,4)) cosa + (&, ,|+[a, 4 sina +.....+ ([a |-t |a [ cosa
+(|a 4| +t]a ) sina + ¢t —Dfa |+ L—a,]
<la,|R™ + R"[|a,| - kla,|(cosa —sina +1) -t |a, |(cosa —sina —-1)—fa, |+ L

n-1
—|a| +2sina ‘aj ‘]
j=l +1
=X
and for R<1, we have, by using the Lemma

G(2)| < [a,|R™ + RlJa,| - K|a,|(cosa —sina +1) -t ja, |(cosa —sina —-1)—a, |+ L

+2sina i‘aj ‘] - (1-R)[ay|

j=l +1
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=Y.
Since G (2) isanalytic for |Z| < R,G(0) =0, it follows by Schwarz Lemmathat for |Z| <R,

|G(Z)| < X|Z| for R>1 and |G(Z)| SY|Z| for R<1.
Hence, for |Z|S R,R>1
IF(2)| =|a, + G(2)

> [a|—|G(2)
> [ay|- X[
>0

i 17 <l

if |Z|< X

andfor R<1

IF(2)|>0
i 17 <%l
if |Z|< v

This shows that F(z) and hence P(z) does not vanish in |Z| <% for R>1andin |Z| <|aYi| for R<1.Inother wordsall the

zerosofP(z)liein|z|z%for Rzlandin|z|z|i‘(i|for R<1.

Again, for |Z| <R,it iseasytoseeasabovethat
IF(2)| <|a,|R™ + R"[|a,| - k|la,|(cosa —sina +1)-t ja, [(cosa —sina -1)—|a, |+ L

+2sina ni‘aj ‘]

j=l +1

IF(2)| <|a,|R™ + Rl|a,| - K|a,|(cosa —sina +1) -t|a, |(cosa —sina -1)—ja, |+ L

+2sina .nl‘aj ‘] - (1-R)ay|

j=l +1

=B

for R<1.
Hence, by using Lemma 3, it follows that the number of zeros of F(z) and therefore P(z) in

| R | 1 A .
—< |Z| < —,C> lis less than or equal to———1l0g—— for R>1land the number of zeros of F(z) and therefore P(z) in

X c logc ~ |ay|

R 1 B

MS |Z| <—,C> lislessthan or equal to ——log— for R<1.

Y c logc ~ |ay|

That completes the proof of Theorem 2.
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