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INTRODUCTION

Cancer [2]-[7] is a serious genetic disorder in the number of dead cells as to cells division, leading to cells disequilibrium. The
bal ance between these two processes regulates the number of cellsin the tissues, and the breakdown of this equilibrium leads to the
development of clusters of cancer cells (called tumors [6]) irrespective of the normal functioning of the body. The cancer cell is a
want on cell that multiplies itself in an uncontrolled and excessive manner within a normal tissue of the body. This anarchic
proliferation givesrise to increasingly large tumors that grow up and then destroy the surrounding organs.

The cancer cells can also swarm away from a body to form a new tumor, or circulate in a free form. By destroying its environment,
the cancer can become areal danger to the survival of an individual.

The fight against this disease is an important field of medical research. The need to adapt various types and forms of cancers as well
as the understanding of complex phenomena involved in its growth has led to the development of many mathematical models[3] in
recent decades. Mathematical modeling of cancer evolution is a rapidly developing field [13]. Their interest lies in their ability to
gather large quantity of information accumulated by biologists. Indeed, it is important to understand that the mathematical
complexity of amodel is not a sufficient criterion to judge its relevance. Thus, the nature of this phenomenon (the cancer cells have
a fluid-like movement) motivated us to use the non-stationary compressible Navier-Stokes model, though relatively simple which
however describes the disease. These equations do not address the tumor environment and its interactions directly, but present

measurable magnitudes such as the volume density denoted by I', = rv(x,t) the density of the outer forces denoted by
X =Xe(X,t) , which models environmental factors. Furthermore, it is considered that the cells are transported by a velocity field,

sayVZV(X,'[), withthe related pressure) =P (X,t).
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The choice of the Navier Stokes system as working equations permits to tackle problems like unknown coupling, nonlinearity, and
time dependence. The non-linear nature of the convection term VV V that appears in these equations is the source of difficultiesin
solving this problem. To overcome these challenges, some authors use the method consisting in estimates and weak convergencesin

regular spaces like L? ([ti ,tf]; Ll(l )) However, let notice that in this article the goal is to get the differentiability of the

compressible  system solution (V,r)Navier— Stokes withV =R, (V),and V =(Vy,r4.%,), wherein \,lg, andX, are

respectively the initia velocity, initial density and density function that models the membrane surrounding the tumor and ‘R, the

R, (V)-R, (\7)” < “I—”\/ —\7” where ¥ isacontinuous invertible operator.

operator satisfying ‘ l}/_l”

So our approach is therefore to disrupt our system involving measurable functions and operators and twice continuously

differentiable in Banach spacesin order to obtain proof of the differentiability of the solution (V, r )

Problem Formulation

In all fields of biology, the use of mathematics as presentation and forecasting tool has become more and more important nowadays.
In this article, we present the tumor problem through a given area. Consider a non-homogeneous region (variable density)

depending on the time I, =1 x (to,tf)occupied by the tumor, where |is a bounded Lipchitz of either R® and either Ol regular

boundary | . We notice Xthe position occupied by the tumor inl = R®. At the initial instant t, =1, the tumor occupies the position

Xy in the space| .The compressible non stationary model is then described by the followi ng(l\ﬁ)equations

O,F v+div(r v®v)—Av+Vp =rX, (2.)
o +div(rv)=0 (22)
With(x,t) el x (to,tf) . HereXe denotes the density of the external forces and the operator A is defined as
AV = mdiv(Vv) — (| + g‘j div(v_v)where | >0andm> Orespectively represent the bulk viscosity and the dynamic

coefficients supposed to be constant. In this system, the pressure is given by the state lawp =Kkr G k>1 and C, adiabatic
constant asC, > d/2.Inthe following, wesetC, = 2.

The system is completed by initial conditions on the volume density and field velocity:

r |to:0: rO(X) V‘tozo =V ( X) and VLO:O = Oo(x) (2.3)

It is assumed that on the boundary Ol the speed satisfies:

v, =V(X,t)=0V(X,t)eI x(to,tf) (2.4)
It is worth mentioning that I V&V E Rin (|\Q) is atensor product of I' Vand V. Then,
V.(rvev)=V.(rv)v+r (vV)v (25)

Notations and approximation of the solution

Notations
Before enouncing the results it is necessary to define the areas in which we work.Let | = R be aregular bounded Lipchitz border

ol and Iett€|:to,tf:|a sufficiently wide interval. For all1< p < + oo, let Wm’p(l )d represents the usual Sobolev space
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d
defined on| and with the normH . ”m ; (M= —1denotes an integer).In addition, L” (I ) is the Lebesgue space on | with the norm

|| ||pwhi|e || ||K2 is the norm associated with a given space K, . If K, is a Banach space, we note by LP (to,tf; Ki)the Banach space
consisting of measurable functions on[to,tf]values in Kl.Let X =L ((to,tf);[Hé(l )]3) Y = LZ((tO,tf); L2(I )3) ,
Z=((to ;1)) andw = 2 ((1,4 ;[ H2(1)])

Approximation of the solution
We will later provide an estimate of the solution V of the (l\ﬁ) problem without the disturbance operator.
Multiplying equation (2.1) by Vand integrating over the volume | , we obtain the following variation formula:

vxel , Vte[t,t ]

J.r( )vdx+_[ (VW )vdx— I(mAv)vdx—_l[(l +%1}Vdiv(v)vdx+.l|.vadx:ljrxedx

By applying the differentiation theorem, the first member of the left gives the following estimate:

Jr (gtv dx_Ea dXVte[to,tf] (3.2)

The Navier-Stokes equations in slow regime report that the integral over the volumel of the term (VVV) is null due to the
assumption of low speed.

[r (wypdx=0, vte|t,t | (32)

In order to solve the (l\ﬁ) problem, several estimates are required.

Estimate of j ( mSV)VdX .
|

[ (mav)vx = mj gov(Vv.ﬁ)ds— m[ tr (VVv.V'v)dx

|
(where ),is a unique continuous linear application definedfrom W, (1) to L*(1)such thatg,V =0, n isthe normal to the edge of

| ,denoted by Ol and ds its elementary surface increment).It therefore follows that:

J(nﬁv)vdx:—mgjllz:—zvxjdxs mJl' [I;_\t/ 2 (33)
Estimate of I[I + 3)de( )vdx :
.I(I 3)Vd|v( )velx = aU V[vdlv - szde<a j DV (34)

m
Where@ = (| +—j .
3

estimate of f Vp vdx
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I Vpvdx = _[ VKr 2vdx after integrating by parts we have:
| |

20X = ce [O(KP ) A rt 35
Ijwr vdx_ajlkrgov.ndx ,j&t[ 5 ]dx_ dtljk?jx (35)

Finally the force provided by the membraneis: Vt [to , tf]

‘!.rxevdx <|rv 0y X oy (3.6)
Gathering these different estimates, the expression (2.1) becomes:

k—d DV 4y <
gt T My ge Tk gex(mea) [ 3 o [y e

4 Dv|f
5 dt-[(r V., ” —kr2)dx—(§m+l j”? dx < [[r v, [xe 0
, (8 d

2dt T _(émH )E Xl (37)

Thus, the solution (V, r ) of the problem satisfies the inequality (3.7) .

It is of the greatest interest to an estimate of the solution (V, r ) under the assumption of low speeds. Hence the following theorem:
Theorem 3.1 (estimated solution with low speed hypothesis).

Letvye HE (1) roel2(1),qel* (1) andx, e Lz((to,tf); > (1 )3) We suppose there exists a congtantb > Osuch that

V(xt)el x(to,tf), |r |71 =b andb <r,. Then there exists a solution (V,r )of the system (|\§) satisfying the initial
conditions(2.3) and the following inequality:

2
i, <b) (|a

(1)’

+x | )e‘jt Tz (3.9)

Proof

m
Let | and Mdenotethe viscosity coefficients assumed to be constant and satisfying physical constraintsa = (I + Ej andm> 0.

From [11] we have the following inequality:

—kr2—£§m+l Ji
3 at

H$(|)3)dXS ||q||<L4(I))3 ||Xe||(L2(I))3

2 dt Xellz)f

SaleM

By applying the Y oung inequality, the estimation becomes:
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1
|)3)dXS E”q

2 +£|| 2
() F el

1d
EEIIU M

Integrating between %and tfyi elds:

Hol

2 2 ! 2 2 y 2
I, s£(||q(L4(.>)s Jot s +£(||xe||(Lz<.)>z Jo

o e+l

L
I <[ Ja

f
Applying the Gronwall Lemma (see [4])for anyt > 0

t
P <l bk

ooy + el e

Under the restricted increase imposed on |r ’l| in the statement of the theorem, we can establish that

b, <o {10 k)|

Linearization system

I, <Ir [

2
cop Tt

The characteristics are defined as above, with the same initial conditions and a domain| which is still bounded. We are il
interested in studying the system under the assumption of compressibility of cancer cells.

However, let's look at the character VV V that appears in the (2.1).1t is at the origin of difficulties when solving this problem. We
will linearize this term by substituting the following disturbance:

F(H,j )=H(xt)+ (xt,iX) (42)
whereH is alinear integrableoperator that will bedefined later in the proposition 4.1 and]  afunction given by:

X[t [x0°x B> [t ]x % (xtA,X) = ] (xt[,X)
Then, for all (X,t) € | x(to,tf) , equation(2.1)becomes :
g rv+div(rv)v+F(H,j )+Vp =rx+Av (42)

This approach has introduced new variables, saysi , X which are considered as a fieldargument V(X,t)and its divergence
(describes as anincrease in the volume) respectively.

Proposition4.1: For our study, let consider the functionsj (X,t,i,X) and U(x.t,7i,X)defined on | x[to,tf}xﬂsx ¥ and
satisfying the following assumptions:
Assumptions (H)

H-1: Foral (,X ) e0°®x ¥, thereexistsb,b > 0 such that the functions

(xt,8,X)—] (xt#,X) and(xt)— U(xt,7,X)are measurable functions and satisfy the following conditions:
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i (xta,X)[<b (3% +c?)e" (4.3)
[U(xta,X) <b'(7° +c?)é" (4.4)

H-2:For almost aII(X,t) el x[to,tf] , there exists W , W > O such that the functions

X0, X)) (xt,1,X)  and(Xt)— U(xt,7,X) aretwice continuousand differentiableonl] ® x [ in addition:
( )i ( ) and(x,t)-> U( )

A | +[Ad < awe™ and|A, U+ < 4we' (4.5)

AU

H-3:let H= P U be acontinuous linear integral operator, for which any function U correspond to H such that:

Hﬁu(.,t):zj']'P (x,t,y)u(y,t) dt dyisdefined by:

H L (1)x[tot [ (1)x[ 8 ] (4.6)

H-4let A, and T, betwo non-linear differentiable operatorsin 2 ((to,tf )XW (1 ))

We have the following formulas:

d[A' (v)g h} = ES & ‘Y +34 d?and (4.7)
R - B '
d[T, (W] ->2ule, eug (4.8)
[T, (v)a. ]h_g—;l KU— g :

Study of strict e-differentiability

In this section, let |p be the disruption of domain | and define a displacement field of (2 defined from(] % — [?
I, ={(xt)el,, veQ, 1d+t Q]

Definition5.1

Let Eand E,, two normed spaces| anopensetinE . Let M, all compact systemsE .

I£3 (v+g)h=J (v)h=J (V)P +J (|I°]) ord (v)I* L (E,L(E,E,))with J (V)N is a bilinear operator. The
function J : | — E,iscalled strictly e-differentiableon | if the condition (De)iswtisfied

(D,

e

_ vh >0,vhe M_,Vvel,3l >0 ,
| [ [v—v] <t Jd|<l veth?el JSHJ ()| <hla]

Proposition 5.2. Let | padisturbed areaof | defined as follows:
I, ={(xt)el, veQ, v+t O}
The operator] is ae-continuousand e- differentiable on X .

Proof

. . . . . .. T Ae(v+t g)_Ae(V)
Suppose that A  is Frechet-differentiable and Vit afirst variation, that is [im =dA,(v,9)

t—0 t
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It is therefore clear that for al ge X, the quantity A (vt g) is defined forl smal enough. After we suppose that

0AL (v.0)=A ()0

Let show that A , istwice- differentiable function according to Gateau X .

Assumethat A  is Fréchet differentiable We have for all 't | small enoughand for all g e X

A.(v+9)-A,(v)=dA.(v+9)+O(9)

Fort €[-11[ ,t #0, A_(v+tg)-A,(v)=dA,(v+tg)+O(t g)

Wehave A, (V+g)h—A, (v)h—d[A; (v)g,h]h:g =A,(v+g)h-A,(V)h-A,
Taking the L> —normin X, we have:

. . 2 . . 2
||Ae (v+tg)h-A, (V)h—A; wre| - A, (v+t g)h_A; (v)hz—Ae (v)h
H t t t

X

|A' (xt,v+t g,Vv+tVg)h 3 o A, (x,t,v,Vv)h”2
= o -y O A

\ t i oxot t HX
_ A, (Xtv+t g, Vv+t g)h_A'e(x,t,v,Vv+th)h_a§j ey

t t
A, (xt,v,Vv+tVg)h A (xtv,VV)h & . & i
- _Zaxl
t t i oxot <
& 2
J.J.HA x,t,v+tg Vv+th)h A, (x,t,vththVg)h_af?j 2 ]dtdx+
I

I}{|A xthv+th)h A (xthv 3 azhz
i

| e

Using Lagrange's formula for some(] € [O; 1]

t 2
SH{J‘ (x,t,v+at g,Vv+tVg)h*-oj h? dq}dtdx+
i
LARP! 3 82h2
” IA (x,t,v,Vv+qtVg)h Z@ dg [dtdx
1, |0

s!:jz

1
j{ 0§ (xt,v+qt g,Vv+tvg)h* —aj hf)x 262
0

82 h2
oxot

2
}dtdx

2
dq Ddtdwr

(v)h*
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2
dq Jdtdx

l 62h2
[22(8%i (xt,Vv+tvg)h* -3 b*)x Zaz
0

1 % azhz 2
_[ j o4 (x.t,v+qt g,Vv+tVg)h? - o5 hz‘ Z@ P dtdx |dq +
o\ 1t

1 1 azhz 2

j j( D164 (x.t,v,Vv+tVg)h? - 6%] hz‘ Zaz dtdx |dq

o\t

From Newton-Leibnizformula, Cauchy inequality and using (4.4) ,we obtain
' _ 2
tI|Ln<d|:A1(v)h,g}h_g ,h>_ o(Dg D]D

On the other hand, let me [0 ;f] suppose that there exists a sequence Vf,,of X such that for all integer m

v,—V inX
We have: .
Vv, > Vv inY
2
Then there exisshe X such that d[ ()h, g} ¢ |® spaceso that d[Al(vm)h,g d[Al(vf)h,gJ # 0 for
h=g h=g h=g||x
2
m—> Othusthereexists a > 1 such that d[ (Vi) g} —d[Al(vf)h g} >2
h=g h=g X 2
1 1 2
Indeede[Al(vm)h,g} —d[Al(vf)h,g} =
h=g h=g X
2} (v, W)+ (X4, V o 2i (xtw, )P+ (xtv,V il
(A VR 305 (6t V) 52 =080 (%83 V)4 3005 (%t Vi) 2o X

1 Vms

é-'-_._w

Hafd (X, Vi, YV, ) — 0% (x,t,vf,va)hz‘zdtdx+
|

oref

D (%tv, Vv, ) -0 (x,t,vf,va)(aX6 dtdx

15 Vi

[Cy g T—

/

1 Vmo

alod (xtv,, Vv, )—03 (x,t,vf,va)r‘hz‘dtdx+

é‘"—.—&"

e

p N X 2| g?he [
Ha Zaﬁj (X, 1,V V) = 03 (x,t,vf,va)‘ e dxdt
L L paN
<leaw’e" [|h?|dt + 24aw’e" [ |~
% , |oxot

< 40awe" Hh”i
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According to the H-2 hypothesis for al me[1;f],v,, — ; et Vv, — V; pp.inY

a i (xtv,, Vv, )— %] (X,'[,Vf,VVf)r‘hr—>0inthesameway

2| e[
oxot

-0

a Z@Ifj (Xt v, YV, ) — 05 (x,t,vf,VVf)‘

Using double integration, iwe obtain:

Hd[A'e (Vo) g}g_h ~d| AL (y)ng]

However, it was therefored [Ale () h, g} belongsto the space( X; Y)
g=h

2
— 0for m— f Which contradicts our hypothesis.
g=h X

We can therefore conclude that the second variation of the operatorA, equalsd[ «()h, g}
g=h

Vv,he X and for a given speedV(X,t), d[A'e(.)h,gJ in general it will be a linear operator space
g=h

E,, (X;Y).However, according to the above we can say thatA _ is e-continuousand e-differentiable on

X.

Proposition 5.3Let| tobe a bounded open set in [1°.

Let £(xt)€ X and h(xt)e X ,Vnthere exists d, >0 such that fort " € ]0;1 we have :
(et eEmnil)y o) < 1

(We say That v, (X,.) >V (x,tf ) almost over |, )

-0

Proof:
Letw,v, € H3( 1) such that for ne[Lf], V, =>Vpp.in| x[to;tf]
Leth, be small enough as ||I”|1|| <1

Let] e(

o

We get

) V+h1)h1 A o (Vv )Q—A"e(vf)hfsuch thatfor t " e ]0;1] ,
ER]) = AL (vt ) —AL (VR -A L (v )R

(el o0

£"hZ[)xy (x.t)dtox =

14845 |Page



Gossan Pascal Gershom et al., Proof of Uniqueness And Differentiability of The Solutions of
Compressible Non Stationary Dynamic Systems Solutions

hi[aj X6V, +t ",V + VY R =8 (6, VY, ) =0 (Xt v )t h&é(x,t)dtdx
60

Ji j(aﬁj (X,t,vn+qt”h1)t "h2 -3 (x,t,vf)t ”hqu}xy (x,t)dtax
| L O

Ji j@ﬂ' (x.t.v, +at "h, )03 (x,t,vf)dq}t "h2xy (x,t)dtdx
| 0

From Cauchy Schwarz inequality, we deduce that

. 2 %o, %
<[] hfdtdx} {”yz(x,t)dtdx]
b

SN %
dtdx] [j x,t dtdx} I,
b

X
~Vi| - Oandt "h, - 0pp. in 1 x| t,;t; | then

(Aﬁj (x,t,vn+qt “m)—Aﬁj (x,t,vf)—>0.
This ends the proof..

(affj (x.t.v, +at "h,)- &3 (x,t,vf)dq

O ey

5"._,:'

<[] j(a]ﬁj (x.t.v, +qt"h,)- &3 (x,t,vf)dq

On the other hand,

Proposition 5.3.Let| a bounded Lipchitz open interval in(1%.And Letv e X Such thatvVvand Vv e Z .Let g be

small enough such that ||g||x <1

Suppose that the operator V at any point of | x[to;tJ satisfies the following inequality:
HVV (xt) Vv(xt <k“ v(x,t)- xt” 5.3)

Then fork,w >0, the operator A, satisfies :

HAE (V)(xt)-A, (V)(Xt)H <4w(k+1)€"

W

v—v*Hx (5.4)

Pr oof:

RUSNT )

2

J (v.Vv)g- Z@Xj (v Vv) gxgt—aﬁj (\A/,V\A/)g“N

=1

. g
v
o (v V)axa
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2

g
oxat

<lléi (v,vv g+28xj VVV)%—aﬁj (Q,Vv) Zaxj (v Vv)

i=1 i=1
2

e (19)a+3i0a () 28 -0 (i vV)%_aﬁj i)

e

2

XJ( )ﬁgt

—;axj (wv9) 78

<|ad (vwvv)g-aj (V.vv)g|+

n.

nee s;%

+(64 (Q,Vv)g—aﬁj (f/,Vf/)g + y

IN

3 (v, Vv)-0j (f/,Vv

n. n.

S~——

2 2 t 2 2

dtdx] +[j [ ‘aﬁj (V. vv)-2, (Q,v\?)‘ dtdx}
&l

%

)~ (9 ot [} 1607
_ o!

v(x0)-x0)], vz v,

I

%
< j [16we|(v) (Vv)- (VQ)‘Z dtdx]

s4we‘“[

A+ ()= (1], = (s ) vt

Remar k5.3in the same way, we can also show that, the operator T, satisfies the inequality (5.4) .On the other hand, P and T, are

two continuous linear applications and from the Proposition 5.3, the operator P [Te (V)] isalso Lipchitz. Indeed if we take

A, =A, (V) +P [Te (V)} , we simply show that

A, (V)+P [T, (v)]- Ae(Q)—P[T (v)}“w <cmax(w.,v )[4edt(k+1)]Hv—(/H (55)

X

Theorem5.4

Assume that the initial terms (2.3) ,(2.4) and assumptions H-1, H-2on] and U are satisfies.

Suppose that there existsareal g > —1 such that for all b, with O<b<g orb= max‘4wje‘“‘then there exists atime
=12

t; e[to;tf] and an unigue solutionV = R, (Vp, T 4,X, ) of the problem(4.1) for all \,, € Hé(Q)3 ,roel (Q), y. €Y
More: Hé(Q)SxL4(Q)xY - X

(VO, lo ,Xe) = R, (VO, I o Xe ) e-continuous and e-differentiable.

On the other hand the operator R _ is strongly differentiable on Hg (Q)3 x L (Q) xY as an application on the space (X;S ) and a
a- weak topology in X .

Proof
Consider Q asubspaceof X : Q:E{Ve X, Ix, €Y,y e Hé(l)3 etr,e L4(I )3 such that Lv = (vo,ro,x )}

Let Z V an operator defined from the condition (2.3)

Zv : Q- YxHL(QFxL*(Q)
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- (Lv,V,, 1)

1

-1
Using the norm onQ , we how that LV islinear, continuous and has an inverse which is also continuous, more ||Z v|| < ﬁ
4wexp| t;

Furthermore, if the inequality(5.4) and (5.5) are satisfied, Z v is continuous and reversible, more, A is Lipchitz, then using

Hadamard theorem, we can write that for all v, € Q . The operator

SR(V)E Lv+d[ (vO hg} JIPd ngdtdx,vo,rO Q —» YxHé(|)3XL4(|)hasacontinuous
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inverse function in the following form: SR(V)_l = Lv+[A
g=h

YxHI (1 x4 (1) > Q.
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R, (V) has an inverse Lipchitz.function, then thereis an unique solutionV = Re (V) . However according to the Proposition 5.3,

R, (V)_lis:-strongly differentiablefunction, then for al v, € Q obtained by the strong theorems of differentiable function that R, is

s-continuous ands- differentiable function and (X;S ) is strongly differentiable onspaceY x Hé (I )3 x4 ( | ) .0

CONCLUSION

In this paper, we have presented a mathematical model in the third order time for a given tumor, the model based on Navier-Stokes
equations with some initial parameters and conditions.

Anestimate is given for the speed v of cancer cells with which it grows and spreads (to determine a tumor's rate of growth and
spread).

The addition of linear membersto our first system allowed us therefore to find afield in which we could solve this problem.
However, the results obtained can be used in the theory of optimal command, to establish the necessary optimality conditions, where
differentiable functional solution depending on parameters, as well as applications that are part of the type of constraints: equalities
and inequalities, which it value as being determined.
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