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INTRODUCTION
Let Tdenote the class of functions f(z) of the form
f@)=z-Ypac 2", aq=0 (1)

which are univalent in the unitdisc U = {z:z € Cand |z| < 1}

Definition 1.1 : A function f(z) € T is said to be close to convex of order u (0 < u < 1) if
Re{f'(z2)} > uforallze U

A function f(z) € T is said to be in the subclass H (u) of starlike function if
zf (2)
Re(f(z))>y, ZEU 0<pu<1

Definition 1.2 : A function f(z) €T is said to be in the subclass G (u) of convex function if
zf '(Z)>
Rell+ ———|>u, zeU
( &)k
Definition 1.3: Letf(z) = z— Y5, a, z", g(z) = z—-Y3 ,a,z", a,= 0,b, > 0 thenthe convolution is defined as
f@)xg(z)=z- Z ag bz (1.3.1)
k=2
Definition 1.4 : If f and g are regular in U , we say that f is subordinate to g , denoted by f < g or f(z) < g(z), if there exist a

Schwarz function w, which is regular in U with w(0) = 0 and |[w(2)| < 1
z € Usuch that f(2) = g(w(2)), z € U. In particular if g is univalent in U , we have the equivalence

f(2) < g(z)ifandonlyif £(0) = g(0) and f(U) < g(U)
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Definition 1.5 :We say that a function f(z) € Tis in the class 7 (4, B, a)if it satisfy
zf'(z) + az*f"(2) 1+ Az
azf'(z) + (1 —a)f(2) = 1+ Bz
for0<a<1,-1<B<A<1
Furthermore a function f(z) € Tis said to belong to the class K7 (4, B, a)if and only if zf'(z) € H (4, B, a).
THEOREM 1.1:A function f(z) = z — Y5, ax z*, a, =0 isin#(4,B,a) ifandonlyif

e (1.5.1)

D fke+ ak? = 20k = (1 - @) = [B(k + ak(k - 1) - Aak +1 - @)]}a, < (4~ B)
k=2
PROOF: Supposef(z) isin H (A, B, a)
Therefore from(1.5.1) we have
_ z2f'(2) + az’f"(2) 1+ Az
p(2) = azf'(z) + (1 —a)f(2) = 1+ Bz
1+ Aw(2)
p(@) = 1+ Bw(z)
wz)| <1
| L@ e @ )|

azf'(z) + (1 — a)f (2)

_ zf'(z) + az*f"(z)
1Bl (o)
| z2f @)+az’f"(2)-azf (2)-(1-a)f (2)
Alazf (2)+(1-a)f (2)]-Blzf(2)+az?f"(2)]
zf '(Z)Oo+ az’f'(z) — azf (z) = (1 — Q) f (2)
= —Z[k + ak? — 2ak — (1 — a)] a,z*

k=2
Alazf'(z) + (1 — ) f ()] - Blzf (2) + az’f"(2)]

<1

<1 e (1.1)

=(A-B)z+ Z[—A(ak +1—a)+B(k + ak(k — 1))] a,z*
k=2
From (1.1) we have
=Y lk + ak? — 2ak — (1 — a)] a;z* -1
(A—B)z+¥¢,[-Alak + 1 —a) + B(k + ak(k — 1))] az*

Since Re (z) < | z| . We obtain after choosing the values of z on real axis and letting z — 1
we get

E{k +ak? — 20k — (1 — a) — [B(k + ak(k — 1)) — A(ak + 1 — )]}ay < (4 — B)
k=2
COROLLARY 1.1 Iff(z) € #(4, B, a)then
(4A-B)
ay <
k+ak?—2ak—(1—a)—[B(k+ak(k—1))—A(ak + 1 — a)]

and the equality holds for

(A-B)
f2) =2z~ z*
k+ak?—2ak—(1—a)—[B(k+ak(k—1))— A(ak +1 — )]
THEOREM 1.2:A function f(z) = z — Yp-, ax z*, a, =0 iSiNKH (A4,B,a) ifandonly if

Z{[kz(l —2a) + ak® — k(1 — a)] — A[—ak? — k(1 — a)] — B[k? + ak?(k — D]}a, < (A — B)
k=2
PROOF: Supposef(z) isin KH (A, B, @)
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If and only if zf'(z) isin H (4, B, @)
Let g(2) = zf'(2)
Therefore from(1.1) we have
29'(2) + az’g'(2) — azg'(z) — (1 — a)g(2)
Alazg'(z) + (1 — a)g(2)] — B[zg'(z) + az*g"(2)]
=¥ ,[k?(1 = 2a) + ak® — k(1 — a)]a, z¥
(A—-B)z+ X3 {Al—ak? — k(1 — a)] + B[k? + ak?(k — D]}a,z*

<1 e (2.1)

<1

Since Re (z) < | z| . We obtain after choosing the values of z on real axis and letting z — 1
we get

Z{[k2(1 ~2a) + ak® — k(1 — a)] — A[-ak? — k(1 — a)] — B[K? + ak®(k — D)]}ay < (A — B)
k=2

COROLLARY 1.2Iff(z) € KH (A, B, a) then

(A—-B)
[k2(1 - 2a) + ak® — k(1 — a)] — A[—ak? — k(1 — a)] — B[k? + ak?(k — 1)]
and the equality holds for

f(2)=z-

akS

(A-B)
[k?2(1 — 2a) + ak® — k(1 — a)] — A[—ak? — k(1 — a)] — B[k? + ak?(k — 1)] z

Application of Fraction Calculus and Other Poperties

k

Various operators of fractional calculus have been studied in the literature rather extensively. Now we recall the following
definitions.

DEFINITION 2.1 The integral operator studied by Bernardi is

LIf)=2¢ | feoxedx
0

ZC
DEFINITION 2.2 The Jung-Kim Srivastava operator is

1°f(2) = %foz (logg)g_lf(x)dx ,a>0

:Z_z(1+k) az"
k=2

THEOREM 2.1: If f € (A, B,a,p) then L [f] is also in the class (4, B, a, B)
PROOF: Let f(z) = z — Y%_, a; z* then

0

1+c (*
Lf] = Z—C,[ (x _Z ay xk> xldx
0

k

=2
o0 z
:1+C 1 xc+1_z 1 axk+c
z€ c+1 k+c ¥
k=2 0
1+¢
k+c

ay Zk

I
|
NgE

=
1l

2

Since ¢ > —1,k = 2 then ﬁs 1 so we have

0

{k + ak?—2ak — (1 —a) — [B(k + ak(k — 1)) — A(ak + 1 — )]} 1+ ¢
Z (A—-B) <k+c) k
- o {k + ak? — 2ak — (1 — @) — [B(k + ak(k — 1)) — A(ak + 1 — )]}
—Z (A—B)

k=2

a, <1

k=2
Therefore L [f] is also in the class (4, B, a, B)
Similarly we can prove if f € KH (A, B, a,B) then L.[f] is also in the class K (4, B, a, B)
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THEOREM 2.2 :Letc € R,c > —1.If L [f]isinthe class H (4, B, a, 8) then

f(z) = z—Y5%_, a, z"is univalent in |z| < r when

. inf ((k + o)k + ak? — 2ak — (1 — a) — [B(k + ak(k — 1)) — A(ak + 1 — @)}

k k(1+c)(A-B)
PROOF: Let
Llfl=2- ) dez
pr
So
f@)=z-
Therefore it is sufficient to prove that

If @ - 1| =

Therefore

o0

k=2
Also since L.[f] isin the class (4, B, a,B)
Therefore

If'@-1|<1
k(1+c¢)

i{k+ak2 —2ak — (1 — ) — [B(k + ak(k — 1)) — A(ak + 1 — )]}
4 (A-B)

k(1+c
( )lzlk—l

dp lz|]* "t <1

kZ

+c (? o1
pr f f()x“dx
0

k-1

de <1

- {k + ak? — 2ak — (1 — a) — [B(k + ak(k — 1)) — A(ak + 1 — @)}

k+c

(A-B)

|z < k(1 + )4 —B)

Hence the proof of theorem is complete.

[(k + o)k + ak? — 2ak — (1 — a) — [B(k + ak(k

THEOREM 23 Letc € R,c > —1.If L [f] isinthe class KH (4, B, a, 8) then

f(2) = z— Y5, a, zFis univalent in |z| < r when

-1))—A(ak +1-— a)]}]ﬁ

k

__inf ((k +ofk + ak? —2ak — (1 — a) — [B(k + ak(k — 1)) — A(ak + 1 — )|}

1+c)A-B)

THEOREM 2.4 Let f € H (A, B, a, ) . Then the Jung-Kim Srivastava operator is

20 z Z\0-1

1°f(2) = zl"(a)fo (log;) f(x)dx ,0>0
is also in the class H (4, B, a, B)

PROOF: We have

0

1°f(z2) = z— Z (Hik)a a,z®

k=2

Since

2 g
—) <1
(1-|—k) =i, >0

We have

D fk+ ak? - 20k = (1 = @) = [Bk + ak(k = 1) - Ak + 1 - )]}

k=2

1+k

g

) e
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< Z{k +ak?—2ak — (1 —a)— [B(k + ak(k — 1)) — A(ak + 1 — a)|}a, < (A—B)
k=2

Therefore, by THEOREM 1.1 we have
I°f(z) € H(A,B,a, )
THEOREM 2.5: Let € KH (A4, B, a, B) . Then the Jung-Kim Srivastava operator is

-1

1°f(2) = %f: (log;)o fl)dx ,0>0

is also in the class KH (A, B, a, )

THEOREM 2.6:Let f € H (4, B, a, B) then for every y = 0 then the function

f(y)
Ly(z)=(1- X)f()‘l')( y
is also in the class H (4, B, a, ﬁ)
PROOF
N °y = Tk @ ¥
L@=0-p(z=) az )+ dy
k=2 y
Xk
_Z_XZ_ZakZ +Z)(akz +)(Z—Zakk
» k=2 k=2 k=2
Z 1—)(+ akzk
k=2

Since (1—X+;)<1

Therefore we have

2 (ke + ak? - 2ak = (1— @) = [B(k + ak(k — 1)) — Alak + 1 - )]} (1 - x +§)
Z ) b =1
k=2
by THEOREM 1.1 we have
L,(z) € H(A B,a,B)
THEOREM 2.7:Let f € KH (A, B, a, B) then for every y = 0 then the function
LG = a-0f@+x [ TP ay
is also in the class KH (4, B, a, )
THEOREM 2.8:Let f € H (A, B, a, B) then for every y = 0 then the function
My@) = (1 -z +x f(y”
is also in the class H (4, B a,B)
Proof
7y = Y- 4 y©

dy
y

()= (1 —x>z+xf
0

[e]

=z—yz+ )(Z—Zak%{zk
k=2

=Z—Zak%zk

k=2
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Since% < 1
k
Therefore we have

(ke + ak? - 2ak — (1 - a) = [B(k + ak(k - 1)) - Aak + 1 - )]} (§)
4-B)

ag <1
k=2

by THEOREM 1.1 we have
M,(2) € 3 (A,B,a,B)
THEOREM 2.9:Let f € KH (A, B, a, B) then for every y = 0 then the function

) =a-pz+x [ T2 0y
0

is also in the class KH (4, B, a, 8)
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